Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 45 No. 2 (2024)

On ha-Ty and ha-T4 Spaces in
Generalized Topological Space

Dr.S.B.Tadam! and Ms. K. R. Sharma?
Department of Mathematics
Shri R.L.T. College of Science, Akola
Abstract: In this paper we introduce continuity, closed mapping, homeomorphism in ha-generalized topological
space. We also define D, -set in u-ha-generalized topological space and study the relation between D, -set
and u-ha-open set. Also we introduce u-ha-T, space, u-ha-D, space, u-ha-T; space and u-ha-D;space. Their

interrelationship, properties and characterizations are obtained.

Keywords: Generalized Topological space, u-a-Generalized Topological space, u-ha-Generalized Topological
space, (Una, Vre )-CONtINUOUS, (Up g, Vie )-hOomeomorphism, u-ha-T, space, u-ha-D, space, u-ha-T, space and u-
ha-D, space.

1. Introduction:

N. Levein was the first to broaden topology by replacing open sets with semi-open sets in his article "Semi-open
sets and semi-continuity in topological spaces". The notions of a-open set, h-open set, and ha-open set were
initially introduced by O.Najastad [19], A. Fadhil [10], B.S. Abdullah, Sabh W. Askandar, and Ruguyah N. Balo
[1], respectively.

In 2002, A. Csaszar first proposed the concept of generalized topological space. A generalized topology is a
collection of subsets of a set that are closed in any arbitrary union. Let X be a non empty set and P (X)be the
power set of X.A subfamily uofP (X) is called a generalized topology (GT, for short) on X if u is closed under
arbitrary union. (X, p)is called a generalized topological space (GTS)[7]. u-open sets are the members of u, and
p-closed sets are the complement of these. In GTS (X, u), here M, =u{U : U € u}. A GTS (X, u) is called
strong if M, = X[4].

Dr.S.B.Tadam and Ms.K.R.Sharma introduced the idea of u-ha-generalized topological space[20].A subset A of
a generalized topological space X is said u-ha-open set denoted by (u-ha-os) if for each set that is not empty U
inX, U # X and U is u-a-open such that A < i,(A U U). The collection of all u-ha-open sets is denoted by
Una- 1.8. e = {A : Ais u-ha-open setin X}. Here, M, =U{U : U € ppq}.

This work presents the concepts of continuity, closed mapping, and homeomorphism in the ha-generalized
topological space. In addition, we define D,, -set and u-ha-generalized topological space and studies the
relationship between D, -set in u-ha-open set. Also we introduce u-ha-T, space, u-ha-D, space, u-ha-T;
space and p-ha-D, space.Their interrelationship, properties and characterizations are obtained.

2. Preliminaries:
In this section some definitions, basic concepts in generalized topological space have been given.

Definition 2.1:u-Ty:[4] A generalized topological space (X, u) is said to be u-T, if for any pair of distinct
points x,y € M,,, 3u-open set containing precisely one of x and y.

Definition 2.2: u-T4:[4] A generalized topological space (X, u)is said to be u-T; if x,y € M, x # y implies
the existence of u-open sets U, and U, suchthat x € U; and y € U,and x € U, and y & U,.
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Definition 2.3: D,-set:[4, 16] A subset A of Xis called a D,,-set if there are two p-open sets U and Vsuch that
U#XandA=U-V.

Remark 2.4:[4] Every p-open set A # X is D,,-open set.
Remark 2.5:A D,-set is always contained in M,,.

Definition 2.6:u-D:[4] A generalized topological space(X, u) is called u-D, if for any pair of distinct points x
and y of M, 3 a D,,-set of X containing x but not y or a D,,-set of Xcontaining y but not x.

Definition 2.7:u-D4:[4] A generalized topological space(X, i) is called u-D, if for any pair of distinct points x
and y of M,, 3 twoD,,-sets Uand Vsuchthatx e U,y ¢ Uandy € V,x ¢ V.

Definition 2.8: Subspace of GTS:[5] Let (X, u)be a generalized topological space and X* be any nonempty
subset of X.Then the relative generalized topology for X*is the collection u* defined as u* ={4": A*=An
X*,A € u}. HenceM," =U {A": A" € u*}.Here (X", u") is called the subspace of a generalized topological
space (X, u)and the members of u* are said to be the u*-open sets of (X*, u*). The set which is the complement
of u*-open is called u*-closed set of (X*, u*).We denote the collection of all u*-closed set of X* by F*i.e. F* =
{F*: F*is u*-closed in X*}.

We introduce the u-a-subspace of a u-a-generalized topological space andu-ha- subspace of a u-ha-
generalized topological space and obtained their properties in [21] as follows.

Definition 2.9:u-a-Subspace of a u-a-generalized topological space X:[21] Let (X,u)be a generalized
topological space and X* be any non empty subset ofX. Then u-a-relative generalized topology for X*is the
collectionu, " defined as p," = {A": A" =ANX",A€ u,}. HenceM, * =U {A" : A" € p,"}.Here (X", u,") is
called the pu-a-subspace of a u-a-generalized topological space (X, u,) and the members of u,* are said to be
the u,*-open sets of (X*, u,"). The set which is the complement of u,"-open is called u,*-closed set of
(X*, ug")-We denote the collection of all u,*-closed set of X* by F,"i.e. F," = {F*: F*is u,*-closed in X*}.

The u-a-subspace (X, u,") of a u-a-generalized topological space (X, u,)is also a generalized topological
space. Also, M, * S M, .

Definition 2.10:u-ha-Subspace of a u-ha-generalized topological space X:[21] Let (X, 1) be a generalized
topological space and X* be any non empty subset ofX. Then u-hea-relative generalized topology for X*is the
collection up," defined as ppe" ={A": A" =ANX", A€ upe}. Hence M, ~=U{A": A" € up,"}. Here
(X*, une™) is called the u-ha-subspace of a u-ha-generalized topological space (X, un,) and the members of
Une" are said to be the u,,"-open sets of (X, un,™)- The set which is the complement of ;" -open is called
Une " -closed set of (X*, un,*).We denote the collection of all u;,*-closed set of X* by Fj,"i.e. Fp," ={F*:
F*is py,*-closed in X*}.

The u-ha-subspace (X, up,") of a u-ha-generalized topological space (X, uy,)is also a generalized topological
space. Also, M, “ S M, .

3. Continuity and Homeomorphism in ha-generalized topological space:

Definition 3.1: Let(X, u) and (Y, v)be the generalized topological spaces, and let (X, u;,)and (Y, vy, )be its
derived u-ha-GTS and v-ha-GTS respectively. A function f: (X, ppe) = (Y, vpe) 1S said to be (Upg, Via) -
continuous at a point x € X if and only if for every v-ha-open set G* containing f (x) there is u-ha-open set G
containing x such that f(G) € G*.

Further we say thatf is (tnq, Vhg)-CONtinuous on a set E € X if and only if it is (ipne, Vie)-CONtinuous at each
point of E.

Theorem 3.2: A function f: (X, tpe) = (Y, Vie) 1S @ (Una Vie)-CONtinuous if and only if the inverse image of
every v-ha-open set in Yis u-ha-open set in X.
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Proof: Suppose thatf is (tnq, Vre)-cONtinuous on X and G* is v-ha-open set in Y. Then we have to show that
f1(G*) is u-ha-open setin X.

i.e. We have to show that f~1(G*)is a neighborhood of each of its points.

Let x € f~1(G*).Then f(x) € G*. As f is (nq, Vre)-CONtinuous on X. ~for v-ha-open set G*in Y containing
f(x) there is u-ha-open set G in X containing x such that f(G) € G™.

Now, f(G) € G* = G € f~1(G")

Also, f(x) EG* = x € f71(G")

i.e. for the point x € f~1(G*)3 u-ha-open set G suchthat x € G < f~1(G*).
Thus f~1(G*)is a neighborhood of a point x.

Thus f~1(G*)is a neighborhood of each of its point.

Hence f~1(G*) is u-ha-open setin X.

Conversely:

Suppose inverse image of every v-ha-open set in Y is u-ha-open set in X. We have to show that the mapping
1 (X, thhe) = (Y, vie) is @ (Hpg, Ve )-CONtinuous on X. Let x € X and G* be any v-ha-open set containingf (x).
Then by hypothesis, f~1(G*) is u-ha-open set in X. Hence f~1(G*)is a neighborhood of each of its point.

Also f(x) € G* = x € f~1(G").

~forx € f~1(G")there is u-ha-open set G in X such that x € G € f~1(G*).
AsG C f1(G*) = f(G) S f(f1(G")) € G"ie. f(G) S G".

Alsox € G = f(x) € f(G) € G".

~for x € X and for v-ha-open set G* containing f(x)there exists u-ha-open set G in X containing x such that
f(G) € G*. Hence, f is (Upq, Vhe)-CONtiNUOUS.

Theorem 3.3: A function f: (X, tpa) = (Y, Vi) 1S @ (Una, Vie)-CONtinuous if and only if the inverse image of
every v-ha-closed set in Yis u-ha-closed setin X.

Proof: Suppose f is (inq, Vre)-CONtinuous. Then we have to show that the inverse image of every v-ha-closed
setinY is u-ha-closed set in X.

Let B be v-ha-closed set in Y. Then we have to show that f~1(B) is u-ha-closed set in X. i.e. we have to show
that X — f~1(B) is u-ha-open set in X. As B be v-ha-closed setin Y = Y — B is v-ha-open set in Y. Since f is
(Una» Vie )-cONtinuous then by theorem 3.2, f~1(Y — B) is u-ha-open set in X.

Now f'(Y -B)={x €X:f(x) =y,y€EY—-B}={x€X:f(x) =y, yeEY-BCEM,, }
Also, f7X(B) ={x €X: f(x) =y,y € B}

2 X—f1B)={xeX:xg¢f 1B} ={x€eX:Ay eBsuchthat f(x) =y} ={x€X: f(x) =y,y€Y —
BcM,,}

Hence, f~X(Y —B) =X — f~1(B).
As f~1(Y — B) is u-ha-open in X and hence, X — f~1(B) is u-ha-open in X. = f~1(B)is u-ha-closed in X.

Conversely: Suppose inverse image of every v-ha-closed set in Yis u-ha-closed set in X. We have to show that
f 1S (Una» Vie)-CONtinuOUS.

i.e. we have to show that inverse image of every v-ha-open set in Yis u-ha-open set in X. Let A be v-ha-open
setinY =Y — Aisv-ha-closedinY.
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o f7Y(Y — A) is u-ha-closed set in X. But f~1(Y — A)=X — f~1(4).

& X — f71(A) is u-ha-closed setin X = f~1(A) is u-ha-open set in X.
~inverse image, f~1(A) is u-ha-open in X for v-ha-openset AinY.
Hence f is (Upq, Vie)-cONtinuous.

Theorem 3.4: Let f: (X, una) = (Y, vpe) be a mapping from pu-ha-GTS (X, tpe) t0 @ v-ha-GTS (Y, vp,). Then
the following statements are equivalent.

1) f 1S (Upa» Vie)-CONtiNUOUS.
(2) fCup, (A)) E ¢y, (f(A)forevery A € X.
€)) Cupe f TH(B)) € f1(cy,, (B))forevery B C Y.

Proof:(1) & (2)

Suppose f is (Upq, Vre)-CONtinuous. Let A be any non empty subset of X.
Then we have to prove that f(c,, ,(4)) < ¢y, (f (4)).

We know, A € f1(f(4)).

Also, f(A) € ¢y, (f(A)) = fHF(A) € f(Cv,, (FD)).

Hence, A € 7' (f(A)) € £ (e (fF (D))

But ¢, (f(A)) is v-ha-closed set in Y and f is (tnq, Vne)-cONtINUOUS.
= f7(ey,, (f(A))) is pu-ha-closed set in X containing A.

But ¢, (A) is the smallest u-ha-closed set in X containing A.

G (A) € 7 g (FA)) 2 £ (€ (A)) € FU ™ (€ (FA)))) € 4, (F(A)).
= £ (Cupg (A)) € €y, (F(A)).

Conversely: Now we show that f is (ine, Vhe)-CONtinuous by showing that inverse image of every v-ha-closed
setinY is u-ha-closed set in X.

Let B be v-ha-closed setin Y.

~ B =c,, (B). Denote, f~*(B) = AC X.

By hypothesis, for the subset A of X we have, f(c,, (A)) € ¢, (f(4)).
8. f (Cune (F 2 (B))) € vy (FFT1(BY)) € €4 (B) = B

o f (Cune (F1(B))) € B.

= £ (une FEB))) € 7B,

“ Cup (fH(B)) € F7(B).

Also, f71(B) S ¢, . (F*(B)).

Hence, f*(B) = ¢, ,(f*(B)), u-ha-closed set in X.

Thus inverse image of v-ha-closed set in Y is u-ha-closed set in X. Hence f is (tinq, Vg )-CONtiNUOUS.

(2)=3)
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Suppose that, f(c,, . (4)) € ¢y, (f(A)) forevery A € X.

To prove that ¢, (f ' (B)) € f~*(cy,,(B)) forevery BC Y

Let B be any nonempty subset of Y and denote, f~1(B) = 4 € X.

By hypothesis, £ (G, (4)) € ¢y, (F(A)) = ey, (F(FH(B)) € €4, (B)
 f (Cung(FH(B))) € €4, (B)

P (e P BD))) € F (€0 (B))

= Cupa (fH(B)) € 71 (Cy,,, (B)).

Conversely: Suppose for any subset Bof Y, ¢, . (f‘l(B)) c f_l(thu (B)). Let A be any nonempty subset of X
and denote f(A) = B.

By hypothesis, ¢, (f~*(B)) € f~*(cy,,(B))

i.8. e (FT1(F(A))) € 71 (€0, (F (A)))

= Cupa(A) € e (FHF(A)) € F7 ey, (FA))
= Cung (A) € (60, (F(A)))

= [ (Cupa(A) € FU (e (FA))) € €, (FA))
i.e. f(cy,,(A) € ¢y, (f(A).

OREAC)

Suppose for any subset B of Y, cmm(f‘l(B)) c f‘l(cvha(B)). Now we show f is (Upe, Vhe)-CONtinuous by
showing that inverse image of v-ha-closed set in Yis u-ha-closed set in X.

Let B € Y be v-ha-closed set. By hypothesis, c,, (f~*(B)) € f~*(cy,, (B)).
To show that f~*(B) is u-ha-closed set in X we have to show that, c,, (f~'(B)) = f~*(B).

We know, f~'(B) € ¢, (f*(B))

By hypothesis, c,,,,,(f (B)) € £~ (cy,,,(B)) = f 7 (B)

Hence, ¢, (f ' (B)) = f'(B)

= f~1(B) is u-ha-closed set in X.

Hence, inverse image of v-ha-closed set in Y is u-ha-closed set in X.
Hence, f is (Una Vra)-CONtiNUOUS.

Conversely: Suppose f is (Lnq, Vhe)-CONtinuous and B is any nonempty subset of Y. Then we have to show that
Cupe (fT1(B)) € f~ (¢, (B)). Denote f~*(B) = A.

AS f is (Upa) Vne)-continuous thus from above f(c,,  (A)) < (cy,, (f (A)).
.. f(Cupe (f T (B))) € €y, (FFTHB))).
Hence,f (€, (f 7 (B))) € ey (FF(B)))) € €1, (B).
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Thus, f71(f (Cupe (FTH(B))) € 7 (€1 (BD).

6. (f 71 (B)) € f7H(f (G (fTHBI)) © 77 (Cup (B)):

Hence, ¢, (f71(B)) € f~*(cy,, (B)).

Theorem 3.5: If f: (X, tna) = (Y, Via) 1S (Hnas Vng)-cONtinuous then f(X —M,, ) SY —M,, .
Proof: Lety € f(X — M,, ). Theny = f(x) for some x € X — M, .

Now,x € X —M,, =>x€X butx ¢ M,, =U{A:AE up}

i.e.x ¢ Aforall A € py,.

As M, , is v-ha-open set and the mapping f: (X, upe) = (¥, Vha) 1S (nar Vaa)-cONtinuous thus f‘l(Mvha) is
p-ha-open set. i.e. f~1(M,, ) € Upq.

Hence, x & f~'(M,,)

>fx)=y &M,

=>yeY-uM,,

ie foranyye f(X-M, )=>yeY-M, =f(X-M, )SY-M,, .
Remark 3.6: From above theorem we have f(X —M,, ) SY —M,, .

Taking the inverse on both sides we get, f~*(f(X — M,, ) S f*(Y — M,,)
ieX—M, <f'(f(X-M,)<Sf(Y~-M,)

S>X-M, Sf'(Y-M,,).

Definition 3.7: A mapping f: (X, tpe) = (Y, vpe) is said to be (tpe, Vie)-homeomorphism if f is bijective, f
IS (Upg» Vre)-continuous and £~ is (Vig, Upe )-CONtINUOUS.

A property of sets which is preserved by (Upq, Vie)-homeomorphism is called a (py,,, Vg )-topological
property.

Definition 3.8: A mapping f: (X, une) = (Y, vy,) is said to be (Upe, vie)-closed if the image of every p-ha-
closed set in X is v-ha-closed setin Y.

Remark 3.9: It follows from the above definition that fis (upe, Vae)-Closed if and only if ¢, (f(4))
f(Cup, (A)).

4. ha-T, Space and ha-D, Space:

Definition 4.1: u-ha-T, Space: A generalized topological space (X, ) is said to be u-ha-T,if and only if for
any x,y € M, ,x #y,3 u-ha-openset Asuchthatx € A,y ¢ Aory € A,x & A.

ha

We shall refer to u-ha-T, space for a particular GTS p in order to prevent ambiguity in ha-T, space with regard
to GTS.

Theorem 4.2: Let X be a u-ha-T, space and X* be a nonempty subset of X. Then the u-ha-subspace
(X", upe™) is also a u-ha-T, space.(i.e. ha-T, is a hereditary property.)

Proof: Letx,y € M, “suchthat x #y.

ButM,, ~<S M, =xy€M, withx=#y. AsX isu-ha-Tospace. Thus for x,y € M,, with x #y there
exists A € up, such that eitherx € A,y ¢ Aory € A,x ¢ A.
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Supposex € Aandy ¢ A.Nowasx,y €M, “CS X = x,y€ X"

Thusweget, x EANX "butyg AnX".

ASAE up, 2 ANX" € uy,".

Thus forany x,y € M, " with x # y there exists A N X* € up," suchthatx € AN X" buty € An X",
= (X", Upg™) is a u-ha-T, space.

Thus every u-ha-subspace of a u-ha-T, space is also u-ha-T,.

Hence u-ha-T is a hereditary property.

Theorem 4.3: If f: (X, tupa) = (Y, Vie) 1S @ (Upar Vrg)-homeomorphism and (X, up,) is a u-ha-T, space then
(Y,vyn)is av-ha-T, space. (i.e. ha-Ty is a (Upq, Vie)-topological property.)

Proof: Lety,,y, € M,, , withy; # y,.

Fory,y, €M,,, S Y =y,y;, €Y = f(X).

=y, = f(x;) and y, = f(x,) for some x;,x, € X.

As the mapping f is bijective andy, # y, = x; # x,.

Also, y;,¥, EM,, = y1,y, €Y —M,, ie f(x), f(x) €Y —M,, .

The mapping f is (4nq, Vae)-homeomorphism and hence, f(X — M,, ) S Y — M,

wf ) f(xz) € f(X - Muha) X% €X =My,

= X1,X; € My, .,

x; # x, and X is a u-ha-T, space.
Hence there exists u-ha-open set A containing x, but not x, or containing x, but not x; .

As A is u-ha-open set and the mapping f is a (Upq, Vre)-homeomorphism, hence f(A) is v-ha-open set
containing f(x;) but not f(x,) or containing f (x,) but not f(x;).

Hence, (Y, vy)is av -ha-T, space. i.e. ha-Ty is a (Upq, Vre )-topological property.

Definition 4.4: D,,, -set: A subset A of X is called a D, -set if there are two u-ha-open sets U and V' such that
U+XandA=U-V.

Remark 4.5: Every u-ha-open setis D, -set.

Definition 4.6: u-ha-D, Space: A generalized topological space (X, ) is said to be u-ha-D, if and only if for

any x,y € My, ,x #y,3D,, -setA containing one of them but not the other.

We shall refer to u-ha-D, space for a particular GTS u in order to prevent ambiguity in ha-D, space with
regard to GTS.

Proposition 4.7: Every D,-setis D,,, -set.

Proof: Let A be a D,-set of X. Thus by definition, there are two u-open sets U and V such that U # X and A =
Uu-V.

AsU,V € M, and M, < My,.

=>UVeEM,, suchthat U # XandA=U - V.
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= Ais D, -setinX.
Thus every D, -setis D,,, -set.

Remark 4.8: The converse of above propaosition is not true. We prove it by giving a counter example.

Example 4.9: Let X=1{1,3,5}) and pu={0{13}{1,5}X}, u, ={6,{1,3},{1,5}, X}, tp, =
{0,{1},{3},{5},{1,3},{1,5},{3,5}, X}

Here A = {1,3} — {1} = {3} is D, -set but not a D,-set. Here {1,3}, {1,5} are D,-sets which are also D, -sets.
But there exists D, -sets which are not D,,-sets.

Proposition 4.10: A generalized topological space (X, ) is u-ha-T, if and only if it is u-ha-D,.

Proof: Let X be a u-ha-T, space and x,y € M,
suchthatx e Ubuty ¢ Uory € Ubutx ¢ U.

et With x = y then by definition of y-ha-T,, u-ha-open set U

Suppose x € U buty ¢ U. As U is y-ha-open set = U is D, -set.i.e.3D,, -setUsuchthate U,y & Uory €
U,x¢U.

= X is a u-ha-D, space.

Conversely: Let(X, ) be u-ha-Dyspace and x,y € M,,,  with x # y. Then by definition of u-ha-Dy, 3 D
setAsuchthatx e A,y ¢ Aory € A,x ¢ A.

Hha~

AsAisD,, -setthus 3 U,V € pp, suchthatU # XandA=U —V.
Nowx€eAd=xeU—-V=axeUandxg¢VandygeA=U-V=UnCV
>yeClUnCV)=COUV

>y€eECUoryeV

IfyeCU =y¢UorifyeV =>yeVandx ¢ V = X isa u-ha-Tyspace.

Theorem 4.11: A generalized topological space (X, p) is u-ha-T, if and only if each pair of distinct points
X,y €My, cu, ({x}) # c,, ¥D.

Proof: Suppose that in X for any x,y € M, , withx # y, ¢,, ({x}) # c,,,({¥}). So there exists z € X such
that z is contained in one of them but not the other.

Let us suppose that, z€c,, ({x}) but z¢&c, ({y}). If we had xe€ec, ({y}) then ¢, ({x}) <
Cung (Cuha ({y})) = ¢y, ({y}).[(by theorem 4.16 and by remark 4.12)[20]]

= Cup X)) S €, VD

= z € ¢y, ({y}). This gives contradiction.

Thus, x € c,, ({y}) = x € C(cy,, ({y})) i.e Clcy,, {¥}) is u-ha-open set containing x but noty. Thus, X is
u-ha-T, space.

Conversely:

Let X be a u-ha-T, space. Letx,y € M, such that x # y. As X is u-ha-Tythus there exists u-ha-open set say
U containing one of them but not the other.

Supposex € U,y € U = y € CU. As, U is u-ha-open set = CU is u-ha-closed set containing y but not x. But
Cup, 1¥}) is the smallest u-ha-closed set containing y. Hence ¢, ({y}) € CU.
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As,x & CU=x¢c, ({y)

Butx € ¢, ({x}) = ¢y, (X)) # ¢, VD).

Remark 4.12: From proposition 4.10 and from the theorem 4.11, it is observed that A generalized topological
space (X, w) is u-ha-D, if and only if each pair of distinct points x,y € M,,, , ¢, ({x}) # ¢, {¥y}).”

5. ha-T, space and ha-D, space:

Definition 5.1: u-ha-T, Space: A generalized topological space (X, u) is said to be u-ha-T;if and only if for
any x,y € M, ,x #y,3two u-ha-open sets U and V such thatx e U,y €V buty ¢ Uand,x ¢ V. ie.x €
U-Vandy eV —U.

We shall refer to u-ha-T, space for a particular GTS u in order to prevent ambiguity in ha-T; space with regard
to GTS.

Theorem 5.2: Let X be a u-ha-T; space and X be a nonempty subset of X. Then the u-ha-subspace (X*, uns™)
is also a u-ha-T; space.(i.e. ha-T; is a hereditary property.)
Proof: Letx,y € M, " such that x # y.

ButM,, "S M, =xy€M, with x+#y. AsX isu-ha-T;space. Thus for x,y € M,

exists A, B € up, suchthatx e A—B,andy € B — A.

e With x # y there

Asx,yEM#ha* cCX*=>xyeX
SxEANX"buty¢e AnX*andy e BNX " butx € BN X"
ASA,B € up, = ANX*  BNX* € ipy".

Thus for any x,y € M,,, * with x # y there exists A, B € pp, such that An X", BN X" € up," and x € AN X~
butyg AnX*andy € BNnX"butx ¢ BNnX".

= (X", Uupe”) isa u-ha-T, space.
Thus every u-ha-subspace of a u-ha-T; space is also u-ha-T;.
Hence u-ha-T; is a hereditary property.

Theorem 5.3: If f: (X, ting) = (Y, Vie) 1S @ (Upe, Vie)-homeomorphism and (X, up,) is a p-ha-T; space then
(Y,vyn)isav -ha-T; space. (i.e. ha-T; is a (Upq, Vre)-topological property.)

Proof: Lety,,y, € M, , withy; # y,.

Fory,y, €M,,, S Y =y,y, €Y = f(X).

=y, = f(x;) and y, = f(x,) for some x;,x, € X.

As the mapping f is bijective and y; # y, = x; # x,.

Also, y,y, EM,, = y,y, €Y =M, ie f(x), f(x) €Y —M,,,.

The mapping f is (tnq, Vae)-cONtinuous and hence f(X —M,, ) SY —M

w fx), fxg) € f(X - Muha) X% EX =M, .

= X1,X, EM,

wnar X1 F Xz and X is a p-ha-T; space.

Hence, there exists twou-ha-open sets sayU and V such thatx e U —Vandy € V —U. As U and V are u-ha-
open sets and the mapping f is a (Upq, Vre)-homeomorphism, hence f(U), f(V)are v-ha-open sets such that

fG) € fU) = f(V)and f(y) € f(V) = f(U).
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Hence, (Y,vpe) isav -ha-T; space. i.e. ha-T; iS a (Upq, Vre)-topological property.
Definition 5.4: u-ha-D, Space: A generalized topological space (X, ) is said to be u-ha-D, if and only if for

any x,y € M, , with x # y3two D, -sets sayU and Vsuch thatx e U,y e VbutygUandx ¢ V. i.e.x €

U-Vandy eV —U.

We shall refer to u-ha-D; space for a particular GTS p in order to prevent ambiguity in ha-D, space with
regard to GTS.

Proposition 5.5: If a generalized topological space (X, 1) is u-ha-T; then it is u-ha-D,.

Proof: Let (X,u) be u-ha-T; space and x,y € M, , with x # y. As X is u-ha-T; then by definition of u-ha-

Ty, 3 two p-ha-open sets sayUand V suchthatx e U —Vandy € V — U.

But every u-ha-open set is D, -set. HenceUand V are D,,, -sets such thatx € U —V andy € V — U. Hence X
is u-ha-D,.

Remark 5.6: But the converse of above proposition is not true.

Theorem 5.7: A generalized topological space (X, u) is p-ha-T,if and only if for eachx € M, , {x} U (X —
M,, ) is u-ha-closed.

If M

Proof: Suppose, (X, ) is u-ha-T,. Let x € M, v

Hha'

= {x} then {x} U (X — ) = X is p-ha-closed.

#hu

Now suppose, M,  — {x} # @. Thus for every y € M, — {x} = M,, N C{x}and as X is u-ha-T; there exists
two p-ha-open sets Uand V suchthatx e U —Vandy e V - U.

Nowx g Viex €V =>{x} SV =V c({x}Hencey eV c C{x}.
AsV is u-ha-openset=>V € M,, =V <M, nCx}

i.e. forany y € M, N C{x} there exists u-ha-openset V such thaty € V. < M,, N C{x}.
2 Uyexd} € Uyax V € My, 0 Clx} = Uy V = My, 0 Clx

But M, N C{x}=C(X-M, )nCx}=C(X—-M,,)u{x}.

Hence C (X — M) U {x}) = Uy V

But Uy ., V, arbitrary union of u-ha-open sets and hence u-ha-open set.[20]
Thus C ((X —M,, )V {x}) is p-ha-open set.

= ((X —M,, )V {x}) is u-ha-closed set.

Conversely:

Suppose for each x € M,,, _, ({x} u(Xx - Mum)) is u-ha-closed set.

We have to show that X is u-ha-T;.

Letx,y € M,,  such thatx # y. Then ({x} u(Xx - uh“)) and ({y} u(Xx- #ha))are p-ha-closed sets.
Nowy € My,, =y € X —M,, . Alsox#y=y¢{xjieye((x}uX-M,,))
S>yE C({x} u(x - ﬂha)) p-ha-open set.

Also,x e{x}u(X—-M,, ) =>x¢C ({x} u(Xx - #ha))
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Thus, we get C ({x} u(x - Muna)) is p-ha-open set containing y but not x.

Similarly, C ({y} u(x - M”ha)) is p-ha-open set containing x but not y.
Hence X is u-ha-T, space.
6. Relations:

In the above sections, we see the relations between D,,-set and D,,, -set, u-ha-T, and u-ha-Dy, p-ha-T; and p-
ha-D; . Obviously from the definitions 4.6, 5.4, 4.1, 5.1 we have the following results.

Theorem 6.1: If a generalized topological space (X, ) is u-ha-T, then it is p-ha-T,.

Theorem 6.2: If a generalized topological space (X, ) is u-ha-D; then it is u-ha-D,.

From the proposition 4.10 and theorem 6.1 we obtain the following result.

Theorem 6.3: If a generalized topological space (X, u) is u-ha-T; then it is u-ha-D,.

Remark 6.4: But the converse of above results is not true. We provide a counter example to justify it.
Example 6.5: Let X = {a,b,c,d, e}, u = {@,{a},{d},{a,d},{a, b,c} {a b, c, d}}

Una = {0,{a},{d},{a,d},{a,b,c},{a,b,d},{b,c,d},{a,b,c,d}}, M, ={ab,cd}

Collection of D, -sets= {9, {a},{d},{a,d},{a,b,c},{a,b,d},{b,c,d},{a,b,c,d} {b,c}
{c},{b,d},{a, b}, {b}}.

Here we observe that X is u-ha-T,, u-ha-D,, p-ha-D;but not u-ha-T;.

The connection between the aforementioned relations is summarized in the diagram below.

U—ha —To——— u—ha—D,

U—ha—-"T4 p—ha—Dy

P

Q means P implies Q

P ——<—(Q means P does not implies Q
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