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1. Introduction and Preliminaries : 

The concept of subspaces in a topological space allows us to define a topology on a subset of a topological 

space that is strongly consistent with the topology on the larger space. The notion of subspace in topological 

spaces is extended to generalized topological spaces in this study. In 1963 in order to generalize the topology, N. 

Levein replaced open sets with semi-open sets in his  paper "Semi-open sets and semi-continuity in topological 

spaces."𝛼-open set, h-open set, and h𝛼-

open set are concepts that were first presented by O. Najastad [15], A. Fadhil  

[4], B.S. Abdullah, Sabih W. Askandar, and Ruquyah N. Balo [8],respectively. 

A. Csaszar introduced the idea of generalized topological space in 2002. A family of subsets of a set that is 

closed in an arbitrary union but not in the condition of intersection is known as a generalized topology. Let 𝑋 be 

a non empty set and 𝒫(𝑋) be the power set of 𝑋. A subfamily 𝜇 of 𝒫(𝑋) is called a generalized topology (GT, 

for short) on 𝑋 if  𝜇 is closed under arbitrary union. (𝑋, 𝜇) is called a generalized topological space (GTS) 

[2].The members of 𝜇 are called 𝜇-open sets and their complement are called 𝜇-closed sets. In GTS(𝑋, 𝜇), here 

𝑀𝜇 =∪ {𝑈: 𝑈 ∈ 𝜇}. A GTS (𝑋, 𝜇) is called strong if 𝑀𝜇 = 𝑋 [7]. Dr.S.B.Tadam and Ms. K.R.Sharma 

introduced the idea of 𝜇- h𝛼-generalized topological space[11].A subset 𝐴 of a generalized topological space 𝑋 

is said 𝜇- h𝛼-open set denoted by (𝜇- h𝛼-os) if for each set that is not empty 𝑈 in 𝑋, 𝑈 ≠ 𝑋 and 𝑈 is 𝜇- 𝛼-open 

such that 𝐴 ⊆ 𝑖𝜇(𝐴 ∪ 𝑈). The collection of all 𝜇- h𝛼-open set is denoted by 𝜇ℎ𝛼. i.e. 𝜇ℎ𝛼 = {𝐴 ∶ 𝐴 is 𝜇-h𝛼-open 

set in 𝑋}. Here 𝑀𝜇ℎ𝛼
=∪ {𝑈: 𝑈 ∈ 𝜇ℎ𝛼}. 

  In this paper we present subspace of generalized topological space, 𝜇-𝛼-Subspace of a 𝜇-𝛼-generalized 

topological space and 𝜇-ℎ𝛼-Subspace of a 𝜇-ℎ𝛼-generalized topological space. Also we define interior and 

closure operators on these subspaces. Their properties, interrelationships, characterizations are obtained.  

Here in this introduction, some definitions and basic concepts in topological space and generalized topological 

space have been given. 

Definition 1.1: Let 𝑋∗ be a subset of a topological space (𝑋, 𝒯). Then the relative topology for 𝑋∗ is the 

collection  𝒯∗ of all sets which are the intersections of 𝑋∗ with the members of 𝒯. i.e. 𝒯∗ = {𝐺∗ ∶  𝐺∗ = 𝐺 ∩

𝑋∗, 𝐺 ∈ 𝒯}. 

Here (𝑋∗, 𝒯∗) is called the subspace of a topological space (𝑋, 𝒯). 

 

Definition 1.2: A subset 𝐴 of a topological space (𝑋, 𝒯) is said to be  

1. 𝛼-open set denoted by (𝛼-os) [15] if 𝐴 ⊆ 𝑖(𝑐(𝑖(𝐴))  
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2.ℎ-open set denoted by (ℎ-os) [4] if for each set that is not empty 𝑈 in 𝑋, 𝑈 ≠ 𝑋 and 𝑈 ∈ 𝒯, as a result 𝐴 ⊆

𝑖(𝐴 ∪ 𝑈). 

 

Definition 1.3: [8] A subset 𝐴 of a topological space (𝑋, 𝒯) is said to be ℎ𝛼-open set denoted by (ℎ𝛼-os) if for 

each set that is not empty 𝑈 in 𝑋, 𝑈 ≠ 𝑋 and 𝑈 is (𝛼-os), as a result 𝐴 ⊆ 𝑖(𝐴 ∪ 𝑈).  

The complement of the ℎ𝛼-open set is named ℎ𝛼-closed set denoted by (ℎ𝛼-cs). 

 

Definition 1.4: Let (𝑋, 𝜇) be a GTS and 𝐴 be a non empty subset of 𝑋.  

1. 𝝁-interior of 𝑨: [10] The interior of a subset 𝐴 of 𝑋 is  𝑖𝜇(𝐴) =∪ {𝐺𝜇 ∶ 𝐺𝜇 ∈ 𝜇, 𝐺𝜇 ⊆ 𝐴}  

i.e. union of all 𝜇-open set contained in 𝐴. 

2. 𝝁-closure of 𝑨: [10] The 𝜇-closure of a subset A of 𝑋 is 𝑐𝜇(𝐴) =∩ {𝐹𝜇: 𝐹𝜇-𝜇-closed set, 𝐴 ⊆ 𝐹𝜇} i.e. 

intersection of all  𝜇-closed set containing A. 

 

Remark 1.5: Here 𝜇-interior and  -closure operators on a GTS (𝑋, 𝜇) satisfy the following properties:  

1. 𝑖𝜇(𝐴) ⊆ 𝐴 ⊆ 𝑐𝜇(𝐴), for all 𝐴 ⊆ 𝑋. 

2. If 𝐴 ⊆ 𝐵 ⊆ 𝑋 then 𝑖𝜇(𝐴) ⊆ 𝑖𝜇(𝐵) and 𝑐𝜇(𝐴) ⊆ 𝑐𝜇(𝐵).
 
 

 

2. Subspace of a generalized topological space X:  

Definition 2.1:[6] Let (𝑋, 𝜇) be a generalized topological space and 𝑋∗ be any non empty subset of 𝑋. Then the 

relative generalized topology for 𝑋∗ is the collection 𝜇∗ defined as  𝜇∗ = {𝐴∗ ∶  𝐴∗ = 𝐴 ∩ 𝑋∗, 𝐴 ∈ 𝜇}. Hence  

𝑀𝜇
∗ = ⋃{𝐴∗ ∶  𝐴∗ ∈ 𝜇∗} . Here (𝑋∗, 𝜇∗) is called the subspace of a generalized topological space (𝑋, 𝜇) and the 

members of  𝜇∗ are said to be the 𝜇∗-open sets of (𝑋∗, 𝜇∗).  

 The set which is not 𝜇∗-open is called 𝜇∗-closed set of (𝑋∗, 𝜇∗). We denote the collection of all 𝜇∗-

closed set of 𝑋∗ by ℱ∗. i.e. ℱ∗ = {𝐹∗ ∶  𝐹∗ is 𝜇∗-closed in 𝑋∗}. 

Theorem 2.2:[6] Subspace of a generalized topological space is also a generalized topological space. 

Remark 2.3: From above theorem we observed that, arbitrary union of 𝜇∗-open sets is again 𝜇∗-open. Applying 

Demorgan’s law we get the following result. 

In a generalized topological space, arbitrary intersection of 𝜇∗-closed sets is again 𝜇∗-closed.   

Definition 2.4: 𝜇∗-interior of a set in 𝑋∗: The 𝜇∗-interior of a subset 𝐴 in 𝑋∗ is the union of all 𝜇∗-open sets 

contained in 𝐴 and it is denoted by 𝑖𝜇
∗(𝐴).  

i.e. 𝑖𝜇
∗(𝐴) =∪ {𝐺∗ ∶  𝐺∗ = 𝐺 ∩ 𝑋∗, 𝐺 ∈ 𝜇, 𝐺∗ ⊆ 𝐴}. 

Here we observed that, 𝑖𝜇
∗(𝐴) is the largest 𝜇∗-open set contained in 𝐴. 

Proposition 2.5: A set 𝐴 is 𝜇∗-open if and only if 𝐴 = 𝑖𝜇
∗(𝐴).  

Proof: Suppose 𝐴 is 𝜇∗-open set in a subspace 𝑋∗of a generalized topological space 𝑋.  

By definition, 𝑖𝜇
∗(𝐴) =∪ {𝐺 ∶ 𝐺 ∈ 𝜇∗, 𝐺 ⊆ 𝐴}, arbitrary union of 𝜇∗-open sets contained in 𝐴. Hence, 𝑖𝜇

∗(𝐴) is 

the largest 𝜇∗-open set contained in A. 

Thus 𝐴 ⊆ 𝑖𝜇
∗(𝐴) ⊆ 𝐴. ⇒ 𝐴 = 𝑖𝜇

∗(𝐴). 

Conversely: Suppose 𝐴 = 𝑖𝜇
∗(𝐴). But 𝑖𝜇

∗(𝐴) is the largest 𝜇∗-open set contained in A. 

⇒ 𝐴 is 𝜇∗-open set. 

Definition 2.6: 𝜇∗-closure of a set in 𝑋∗: The 𝜇∗-closure of a subset 𝐴 in 𝑋∗ is the intersection of all 𝜇∗-closed 

sets containing 𝐴 and it is denoted by 𝑐𝜇
∗(𝐴).  
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i.e. 𝑐𝜇
∗(𝐴) =∩ {𝐹∗ ∶  𝐹∗ = 𝐹 ∩ 𝑋∗, 𝐹 ∈ ℱ, 𝐴 ⊆ 𝐹∗}, where ℱ = 𝐶𝜇 = set of all 𝜇-closed sets in 𝑋. 

Here, 𝑐𝜇
∗(𝐴) is the smallest 𝜇∗-closed set containing 𝐴.  

Proposition 2.7: A set 𝐸 is 𝜇∗-closed if and only if 𝐸 = 𝑐𝜇
∗(𝐸).  

Proof: Suppose 𝐸 is 𝜇∗-closed set in a subspace 𝑋∗of a generalized topological space 𝑋.  

By definition, 𝑐𝜇
∗(𝐸) =∩ {𝐹∗ ∶  𝐹∗ = 𝐹 ∩ 𝑋∗, 𝐹 ∈ ℱ, 𝐸 ⊆ 𝐹∗}, arbitrary intersection of 𝜇∗-closed sets containing  

𝐸. Hence,𝑐𝜇
∗(𝐸) is the smallest 𝜇∗-closed set containing 𝐸. 

Thus 𝐸 ⊆ 𝑐𝜇
∗(𝐸) ⊆ 𝐸. ⇒ 𝐸 = 𝑐𝜇

∗(𝐸). 

Conversely: Suppose 𝐸 = 𝑐𝜇
∗(𝐸). But 𝑐𝜇

∗(𝐸) is the smallest 𝜇∗-close set containing 𝐸. 

⇒ 𝐸 is 𝜇∗-closed set. 

Relationships 2.8:  

1. From definition of 𝜇∗-interior and 𝜇∗-closure of a set 𝐴 in 𝑋∗, it is observed that 

    𝑖𝜇
∗(𝐴) ⊆ 𝐴 ⊆ 𝑐𝜇

∗(𝐴). 

2. 𝑋∗ ∩ 𝑖𝜇(𝐴) = 𝑋∗ ∩ {∪ {𝐺 ∶ 𝐺 ∈ 𝜇, 𝐺 ⊆ 𝐴}} 

                      =∪ {𝑋∗ ∩ 𝐺 ∶ 𝐺 ∈ 𝜇, 𝑋∗ ∩ 𝐺 ⊆ 𝐴} 

             = 𝑖𝜇
∗(𝐴) 

     i.e. 𝑖𝜇
∗(𝐴) =∪ {𝐺∗ ∶  𝐺∗ = 𝐺 ∩ 𝑋∗, 𝐺 ∈ 𝜇, 𝐺∗ ⊆ 𝐴}=𝑋∗ ∩ 𝑖𝜇(𝐴). 

3. 𝑐𝜇
∗(𝐴) =∩ {𝐹∗ ∶  𝐹∗ = 𝐹 ∩ 𝑋∗, 𝐹 ∈ ℱ, 𝐴 ⊆ 𝐹∗}= 𝑋∗ ∩ 𝑐𝜇(𝐴). 

 

3. 𝝁-𝜶-Subspace of a 𝝁-𝜶-generalized topological space X:  

Definition 3.1: [9] A subset 𝐴 of a generalized topological space(𝑋, 𝜇) is: 

1. 𝝁-semiopen set in 𝑋 if 𝐴 ⊂ 𝑐𝜇(𝑖𝜇(𝐴)).  

2. 𝝁-𝜶-open set if 𝐴 ⊂ 𝑖𝜇(𝑐𝜇(𝑖𝜇(𝐴))).   

3. 𝝁-𝜷-open set if 𝐴 ⊂ 𝑐𝜇(𝑖𝜇(𝑐𝜇(𝐴))). 

Theorem 3.2: (𝑋, 𝜇𝛼) is a generalized topological space. 

Proof: Let (𝑋, 𝜇) be a generalized topological space and 𝜇𝛼 = {𝐴 ⊆ 𝑋 ∶ 𝐴 ⊆ 𝑖𝜇(𝑐𝜇(𝑖𝜇(𝐴))) }. As ∅ =

𝑖𝜇 (𝑐𝜇(𝑖𝜇(∅))),  hence ∅ ∈ 𝜇𝛼.  

Now we have to show that 𝜇𝛼 is closed under arbitrary union.  

Let {𝐴𝑖} be the arbitrary collection of 𝜇𝛼-open sets in 𝑋. 

i.e. for each 𝑖, 𝐴𝑖 ∈ 𝜇𝛼 ⇒ 𝐴𝑖 ⊆ 𝑖𝜇(𝑐𝜇(𝑖𝜇(𝐴𝑖))) 

For each 𝑖, 𝐴𝑖 ⊆ ⋃ 𝐴𝑖𝑖     

 ⇒ 𝑖𝜇(𝐴𝑖) ⊆ 𝑖𝜇(⋃ 𝐴𝑖)𝑖  

 ⇒ 𝑐𝜇(𝑖𝜇(𝐴𝑖)) ⊆ 𝑐𝜇(𝑖𝜇(⋃ 𝐴𝑖)𝑖 ) 

⇒ 𝑖𝜇(𝑐𝜇(𝑖𝜇(𝐴𝑖))) ⊆ 𝑖𝜇(𝑐𝜇(𝑖𝜇(⋃ 𝐴𝑖)))𝑖  . 

i.e. for 𝑖, 𝐴𝑖 ⊆ 𝑖𝜇(𝑐𝜇(𝑖𝜇(𝐴𝑖))) ⊆ 𝑖𝜇(𝑐𝜇(𝑖𝜇 ⋃ 𝐴𝑖)𝑖   

⇒ ⋃ 𝐴𝑖𝑖 ⊆ 𝑖𝜇(𝑐𝜇(𝑖𝜇 ⋃ 𝐴𝑖)𝑖 . 
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⇒ ⋃ 𝐴𝑖𝑖 ∈ 𝜇𝛼. 

Thus (𝑋, 𝜇𝛼) is a generalized topological space. 

Proposition 3.3: A set 𝐴 is 𝜇𝛼-open if and only if 𝐴 = 𝑖𝜇𝛼
(𝐴). 

Proof: Suppose 𝐴 is 𝜇𝛼-open set in a generalized topological space 𝑋.  

By definition, 𝑖𝜇𝛼
(𝐴) =∪ {𝐺 ∶ 𝐺 ∈ 𝜇𝛼 , 𝐺 ⊆ 𝐴}, arbitrary union of 𝜇𝛼-open sets contained in 𝐴. Hence by above 

theorem, 𝑖𝜇𝛼
(𝐴) is the largest 𝜇𝛼-open set contained in A. 

Thus 𝐴 ⊆ 𝑖𝜇𝛼
(𝐴) ⊆ 𝐴. ⇒ 𝐴 = 𝑖𝜇𝛼

(𝐴). 

Conversely: Suppose 𝐴 = 𝑖𝜇𝛼
(𝐴). But 𝑖𝜇𝛼

(𝐴) is the largest 𝜇𝛼-open set contained in A. 

⇒ 𝐴 is 𝜇𝛼-open set. 

Definition3.4: 𝝁-𝜶-subspace of a generalized topological space X: Let (𝑋, 𝜇) be a generalized topological 

space and 𝑋∗ be any non empty subset of 𝑋. Then 𝜇-𝛼-relative generalized topology for 𝑋∗ is the collection 𝜇𝛼
∗  

defined as 𝜇𝛼
∗ = {𝐴∗ ∶  𝐴∗ = 𝐴 ∩ 𝑋∗, 𝐴 ∈ 𝜇𝛼}. Hence  𝑀𝜇𝛼

∗ = ⋃{𝐴∗ ∶  𝐴∗ ∈ 𝜇𝛼
∗ }.  

Here (𝑋∗, 𝜇𝛼
∗ ) is called the 𝜇-𝛼-subspace of a generalized topological space (𝑋, 𝜇𝛼) and the members of  𝜇𝛼

∗  are 

said to be the 𝜇𝛼
∗ -open sets of (𝑋∗, 𝜇𝛼

∗ ). 

The set which is not 𝜇𝛼
∗ -open is called 𝜇𝛼

∗ -closed set of (𝑋∗, 𝜇𝛼
∗ ). We denote the collection of all 𝜇𝛼

∗ -closed set of 

𝑋∗ by ℱ𝛼
∗. i.e. ℱ𝛼

∗ = {𝐹∗ ∶  𝐹∗ is 𝜇𝛼
∗ -closed in 𝑋∗}. 

Theorem 3.5: (𝑋∗, 𝜇𝛼
∗ ) is also a generalized topological space. 

Proof: Let (𝑋, 𝜇) be a generalized topological space and (𝑋∗, 𝜇𝛼
∗ ) be the 𝜇-𝛼-subspace of a generalized 

topological space (𝑋, 𝜇𝛼). By definition, 𝜇𝛼
∗ = {𝐴∗ ∶  𝐴∗ = 𝐴 ∩ 𝑋∗, 𝐴 ∈ 𝜇𝛼} 

As ∅ ∈ 𝜇𝛼 ⇒ ∅ = ∅ ∩ 𝑋∗ ∈ 𝜇𝛼
∗ .  

Thus we have only to show that 𝜇𝛼
∗  is closed under arbitrary union. 

Let  {𝐴𝑖
∗} be the arbitrary collection of 𝜇𝛼

∗ -open sets in 𝑋∗. 

i.e. for each 𝑖, 𝐴𝑖
∗ ∈ 𝜇𝛼

∗  ⇒ 𝐴𝑖
∗ = 𝐴𝑖 ∩ 𝑋∗, for some 𝐴𝑖 ∈ 𝜇𝛼. 

Thus we get an arbitrary collection {𝐴𝑖} of members of  𝜇𝛼 and 𝜇𝛼 is a generalized     topology for 𝑋 and hence 

⋃ 𝐴𝑖 ∈ 𝜇𝛼𝑖 .  

∴  ⋃ 𝐴𝑖
∗ = ⋃ (𝐴𝑖 ∩ 𝑋∗) = (⋃ 𝐴𝑖) ∩  𝑋∗ ∈𝑖 𝜇𝛼

∗
𝑖𝑖  . 

    Hence (𝑋∗, 𝜇𝛼
∗ )  is also a generalized topological space. 

Remark 3.6: In above theorem we observed that, arbitrary union of 𝜇𝛼
∗ -open sets is again  

𝜇𝛼
∗ -open. Hence by applying Demorgan’s law we get, arbitrary intersection of 𝜇𝛼

∗ -closed sets is again 𝜇𝛼
∗ -closed. 

Definition 3.7: 𝝁𝜶
∗ -interior of a set in 𝑿∗: The 𝜇𝛼

∗ -interior of a subset 𝐴 in 𝑋∗ is the union of all 𝜇𝛼
∗ -open sets 

contained in 𝐴 and it is denoted by 𝑖𝜇𝛼
∗ (𝐴).  

i.e. 𝑖𝜇𝛼
∗ (𝐴) =∪ {𝐺∗ ∶  𝐺∗ = 𝐺 ∩ 𝑋∗, 𝐺 ∈ 𝜇𝛼, 𝐺∗ ⊆ 𝐴}.  

Proposition 3.8: A set 𝐴 is 𝜇𝛼
∗ -open if and only if 𝐴 = 𝑖𝜇𝛼

∗ (𝐴).  

Proof: Suppose 𝐴 is 𝜇𝛼
∗ -open set in a 𝜇-𝛼-subspace 𝑋∗of a generalized topological space 𝑋. By definition, 

𝑖𝜇𝛼
∗ (𝐴) =∪ {𝐺 ∶ 𝐺 ∈ 𝜇𝛼

∗ , 𝐺 ⊆ 𝐴}. Here, 𝑖𝜇𝛼
∗ (𝐴) is the arbitrary union of 𝜇𝛼

∗ -open sets and hence 𝜇𝛼
∗ -open. Thus 

𝑖𝜇𝛼
∗ (𝐴) is the largest 𝜇𝛼

∗ -open set contained in 𝐴. 

Thus 𝐴 ⊆ 𝑖𝜇𝛼
∗ (𝐴) ⊆ 𝐴. 
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⇒ 𝐴 = 𝑖𝜇𝛼
∗ (𝐴). 

Conversely: Suppose 𝐴 = 𝑖𝜇𝛼
∗ (𝐴), the largest 𝜇𝛼

∗ -open set contained in 𝐴. Hence, 𝐴 is 𝜇𝛼
∗ -open set. 

Definition 3.9: 𝜇𝛼
∗ -closure of a set in 𝑋∗: The 𝜇𝛼

∗ -closure of a subset 𝐴 in 𝑋∗ is the intersection of all 𝜇𝛼
∗ -closed 

sets containing 𝐴 and it is denoted by 𝑐𝜇𝛼
∗ (𝐴).  

i.e. 𝑐𝜇𝛼
∗ (𝐴) =∩ {𝐹∗ ∶  𝐹∗ = 𝐹 ∩ 𝑋∗, 𝐹 ∈ ℱ𝛼, 𝐴 ⊆ 𝐹∗}, where ℱ𝛼 = 𝐶𝜇𝛼 = set of all 𝜇𝛼-closed sets in 𝑋. 

Proposition 3.10: A set 𝐸 is 𝜇𝛼
∗ -closed if and only if 𝐸 = 𝑐𝜇𝛼

∗ (𝐸).  

Proof: Suppose 𝐸 is 𝜇𝛼
∗ -closed set in a 𝜇-𝛼-subspace 𝑋∗of a generalized topological space 𝑋. By definition, 

𝑐𝜇𝛼
∗ (𝐸) =∩ {𝐹∗ ∶  𝐹∗ = 𝐹 ∩ 𝑋∗, 𝐹 ∈ ℱ𝛼, 𝐸 ⊆ 𝐹∗}, arbitrary intersection of 𝜇∗-closed sets containing  𝐸. 

Hence,𝑐𝜇
∗(𝐸) is the smallest 𝜇∗-closed set containing 𝐸. 

Thus 𝐸 ⊆ 𝑐𝜇
∗(𝐸) ⊆ 𝐸. ⇒ 𝐸 = 𝑐𝜇

∗(𝐸). 

Conversely: Suppose 𝐸 = 𝑐𝜇𝛼
∗ (𝐸). But 𝑐𝜇𝛼

∗ (𝐸) is the smallest 𝜇𝛼
∗ -closed set containing 𝐸. 

 ⇒ 𝐸 is 𝜇𝛼
∗ -closed set. 

Relationships 3.11:  

1. The relation between 𝜇𝛼
∗ -interior and 𝜇𝛼

∗ -closure of a set in 𝑋∗is  𝑖𝜇𝛼
∗ (𝐴) ⊆ 𝐴 ⊆ 𝑐𝜇𝛼

∗ (𝐴). 

2. The relation between 𝜇𝛼
∗ -interior and 𝜇𝛼-interior of a set in a generalized topological space is 

  𝑖𝜇𝛼
∗ (𝐴) =∪ {𝐺∗ ∶  𝐺∗ = 𝐺 ∩ 𝑋∗, 𝐺 ∈ 𝜇𝛼 , 𝐺∗ ⊆ 𝐴} = 𝑋∗ ∩ 𝑖𝜇𝛼

(𝐴).  

3. The relation between 𝜇𝛼
∗ -closure and 𝜇𝛼-closure of a set in a generalized topological space is 

𝑐𝜇𝛼
∗ (𝐴) =∩ {𝐹∗ ∶  𝐹∗ = 𝐹 ∩ 𝑋∗, 𝐹 ∈ ℱ𝛼 , 𝐴 ⊆ 𝐹∗} = 𝑋∗ ∩ 𝑐𝜇𝛼

(𝐴).  

 

4. 𝝁-𝒉𝜶-subspace of a 𝝁-𝒉𝜶-generalized topological space X: 

Definition 4.1: 𝜇-ℎ𝛼-subspace of a 𝜇-ℎ𝛼-generalized topological space X: Let (𝑋, 𝜇) be a generalized 

topological space and 𝑋∗ be any non empty subset of 𝑋. Then 𝜇-ℎ𝛼-relative generalized topology for 𝑋∗ is the 

collection 𝜇ℎ𝛼
∗  defined as 𝜇ℎ𝛼

∗ = {𝐴∗ ∶  𝐴∗ = 𝐴 ∩ 𝑋∗, 𝐴 ∈ 𝜇ℎ𝛼}. Hence  𝑀𝜇ℎ𝛼
∗ = ⋃{𝐴∗ ∶  𝐴∗ ∈ 𝜇ℎ𝛼

∗ }.  

Here (𝑋∗, 𝜇ℎ𝛼
∗ ) is called the 𝜇-ℎ𝛼-subspace of a 𝜇-ℎ𝛼-generalized topological space (𝑋, 𝜇ℎ𝛼) and the members 

of  𝜇ℎ𝛼
∗  are said to be the 𝜇ℎ𝛼

∗ -open sets of (𝑋∗, 𝜇ℎ𝛼
∗ ). 

The set which is not 𝜇ℎ𝛼
∗ -open is called 𝜇ℎ𝛼

∗ -closed set of (𝑋∗, 𝜇ℎ𝛼
∗ ). We denote the collection of all 𝜇ℎ𝛼

∗ -closed 

set of 𝑋∗ by ℱℎ𝛼
∗. i.e.ℱℎ𝛼

∗ = {𝐹∗ ∶  𝐹∗ is 𝜇ℎ𝛼
∗ -closed in 𝑋∗}. 

Theorem 4.2: (𝑋∗, 𝜇ℎ𝛼
∗ ) is also a generalized topological space. 

Proof: Let (𝑋, 𝜇) be a generalized topological space and (𝑋∗, 𝜇ℎ𝛼
∗ ) be the 𝜇-ℎ𝛼-subspace of a 𝜇-ℎ𝛼-generalized 

topological space (𝑋, 𝜇ℎ𝛼). By definition, 𝜇ℎ𝛼
∗ = {𝐴∗ ∶  𝐴∗ = 𝐴 ∩ 𝑋∗, 𝐴 ∈ 𝜇ℎ𝛼}. 

As ∅ ∈ 𝜇ℎ𝛼 ⇒ ∅ = ∅ ∩ 𝑋∗ ∈ 𝜇ℎ𝛼
∗ .  

Thus we have only to show that 𝜇ℎ𝛼
∗  is closed under arbitrary union. 

Let  {𝐺𝑖
∗} be the arbitrary collection of 𝜇ℎ𝛼

∗ -open sets in 𝑋∗. 

i.e. for each 𝑖, 𝐺𝑖
∗ ∈ 𝜇ℎ𝛼

∗  ⇒ 𝐺𝑖
∗ = 𝐺𝑖 ∩ 𝑋∗, for some 𝐺𝑖 ∈ 𝜇ℎ𝛼. 

Thus we get an arbitrary collection {𝐺𝑖} of members of  𝜇ℎ𝛼 and 𝜇ℎ𝛼 is a generalized     topology for 𝑋 and 

hence ⋃ 𝐺𝑖 ∈ 𝜇ℎ𝛼𝑖 .  

⇒ (⋃ 𝐺𝑖) ∩ 𝑋∗ ∈ 𝜇ℎ𝛼
∗

𝑖 . 

∴  ⋃ 𝐺𝑖
∗ = ⋃ (𝐺𝑖 ∩ 𝑋∗) = (⋃ 𝐺𝑖) ∩  𝑋∗ ∈𝑖 𝜇ℎ𝛼

∗
𝑖𝑖  . 
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     Hence (𝑋∗, 𝜇ℎ𝛼
∗ )  is also a generalized topological space. 

Definition 4.3: 𝝁𝒉𝜶
∗ -interior of a set in 𝑿∗: The 𝜇ℎ𝛼

∗ -interior of a subset 𝐴 in 𝑋∗ is the union of all 𝜇ℎ𝛼
∗ -open 

sets contained in 𝐴 and it is denoted by 𝑖𝜇ℎ𝛼
∗ (𝐴).  

i.e. 𝑖𝜇ℎ𝛼
∗ (𝐴) =∪ {𝐺∗ ∶  𝐺∗ = 𝐺 ∩ 𝑋∗, 𝐺 ∈ 𝜇ℎ𝛼, 𝐺∗ ⊆ 𝐴}. 

Proposition 4.4: A set 𝐴 is 𝜇ℎ𝛼
∗ -open if and only if 𝐴 = 𝑖𝜇ℎ𝛼

∗ (𝐴).  

Proof: Suppose 𝐴 is 𝜇ℎ𝛼
∗ -open set in a 𝜇-ℎ𝛼-subspace 𝑋∗.  

By definition, 𝑖𝜇ℎ𝛼
∗ (𝐴) =∪ {𝐺∗ ∶  𝐺∗ = 𝐺 ∩ 𝑋∗, 𝐺 ∈ 𝜇ℎ𝛼, 𝐺∗ ⊆ 𝐴}, arbitrary union of 𝜇ℎ𝛼

∗ -open sets contained in 

𝐴. Hence, 𝑖𝜇ℎ𝛼
∗ (𝐴) is the largest 𝜇ℎ𝛼

∗ -open set contained in A. 

Thus 𝐴 ⊆ 𝑖𝜇ℎ𝛼
∗ (𝐴) ⊆ 𝐴. ⇒ 𝐴 = 𝑖𝜇ℎ𝛼

∗ (𝐴). 

Conversely: Suppose 𝐴 = 𝑖𝜇ℎ𝛼
∗ (𝐴). But 𝑖𝜇ℎ𝛼

∗ (𝐴) is the largest 𝜇ℎ𝛼
∗ -open set contained in A. 

⇒ 𝐴 is 𝜇ℎ𝛼
∗ -open set. 

Definition 4.5: 𝜇ℎ𝛼
∗ -closure of a set in 𝑋∗: The 𝜇ℎ𝛼

∗ -closure of a subset 𝐴 in 𝑋∗ is the intersection of all 𝜇ℎ𝛼
∗ -

closed sets containing 𝐴 and it is denoted by 𝑐𝜇ℎ𝛼
∗ (𝐴).  

i.e. 𝑐𝜇ℎ𝛼
∗ (𝐴) =∩ {𝐹∗ ∶  𝐹∗ = 𝐹 ∩ 𝑋∗, 𝐹 ∈ ℱℎ𝛼, 𝐴 ⊆ 𝐹∗}, where ℱℎ𝛼 = 𝐶𝜇ℎ𝛼 = set of all 𝜇ℎ𝛼-closed sets in 𝑋. 

Proposition 4.6: A set 𝐸 is 𝜇ℎ𝛼
∗ -closed if and only if 𝐸 = 𝑐𝜇ℎ𝛼

∗ (𝐸).  

Proof: Suppose 𝐸 is 𝜇ℎ𝛼
∗ -closed set in a 𝜇-ℎ𝛼-subspace 𝑋∗of a generalized topological space 𝑋. By definition, 

𝑐𝜇ℎ𝛼
∗ (𝐸) =∩ {𝐹∗ ∶  𝐹∗ = 𝐹 ∩ 𝑋∗, 𝐹 ∈ ℱℎ𝛼, 𝐸 ⊆ 𝐹∗}, arbitrary intersection of 𝜇ℎ𝛼

∗ -closed sets containing 𝐸. 

Hence,𝑐𝜇ℎ𝛼
∗ (𝐸) is the smallest 𝜇ℎ𝛼

∗ -closed set containing 𝐸. Thus 𝐸 ⊆ 𝑐𝜇ℎ𝛼
∗ (𝐸) ⊆ 𝐸. ⇒ 𝐸 = 𝑐𝜇ℎ𝛼

∗ (𝐸). 

Conversely: Suppose 𝐸 = 𝑐𝜇ℎ𝛼
∗ (𝐸). But 𝑐𝜇ℎ𝛼

∗ (𝐸) is the smallest 𝜇ℎ𝛼
∗ -closed set containing 𝐸. Hence,𝐸 is 𝜇ℎ𝛼

∗ -

closed set. 

Relationships 4.7: 

1. Relation between 𝑀𝜇ℎ𝛼
∗  and 𝑀𝜇ℎ𝛼

: We know 𝑀𝜇ℎ𝛼
=∪ {𝐴 ∶ 𝐴 ∈  𝜇ℎ𝛼}. 

For any 𝑥 ∈ 𝑀𝜇ℎ𝛼
∗  there exists 𝐴∗ ∈ 𝜇ℎ𝛼

∗  such that 𝑥 ∈ 𝐴∗ ⊆ 𝑀𝜇ℎ𝛼
∗ .  

But 𝐴∗ ∈ 𝜇ℎ𝛼
∗  ⇒ 𝐴∗ = 𝐴 ∩ 𝑋∗, 𝐴 ∈ 𝜇ℎ𝛼. 

Now ∈ 𝜇ℎ𝛼 ⇒ 𝐴 ⊆ 𝑀𝜇ℎ𝛼
. 

Thus 𝑥 ∈ 𝐴∗ ⊆ 𝐴 ⊆ 𝑀𝜇ℎ𝛼
  

⇒ 𝑥 ∈ 𝑀𝜇ℎ𝛼
. 

⇒ 𝑀𝜇ℎ𝛼
∗ ⊆ 𝑀𝜇ℎ𝛼

. 

2. The relation between 𝜇ℎ𝛼
∗ -interior and 𝜇ℎ𝛼

∗ -closure of a set in generalized topological space is 

𝑖𝜇ℎ𝛼
∗ (𝐴)  ⊆ 𝐴 ⊆ 𝑐𝜇ℎ𝛼

∗ (𝐴). 

3. The relation between 𝜇ℎ𝛼
∗ -interior and 𝜇ℎ𝛼-interior of a set in generalized topological space is  

𝑖𝜇ℎ𝛼
∗ (𝐴) =∪ {𝐺∗ ∶  𝐺∗ = 𝐺 ∩ 𝑋∗, 𝐺 ∈ 𝜇ℎ𝛼 , 𝐺∗ ⊆ 𝐴} = 𝑋∗ ∩ 𝑖𝜇ℎ𝛼

(𝐴). 

4. The relation between 𝜇ℎ𝛼
∗ -closure and 𝜇ℎ𝛼-closure of a set in generalized topological space is  

𝑐𝜇ℎ𝛼
∗ (𝐴) =∩ {𝐹∗ ∶  𝐹∗ = 𝐹 ∩ 𝑋∗, 𝐹 ∈ ℱℎ𝛼 , 𝐴 ⊆ 𝐹∗} = 𝑋∗ ∩ 𝑐𝜇ℎ𝛼

(𝐴). 
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