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1. Introduction and Preliminaries :

The concept of subspaces in a topological space allows us to define a topology on a subset of a topological
space that is strongly consistent with the topology on the larger space. The notion of subspace in topological
spaces is extended to generalized topological spaces in this study. In 1963 in order to generalize the topology, N.
Levein replaced open sets with semi-open sets in his paper "Semi-open sets and semi-continuity in topological
spaces."a-open set, h-open set, and ha-

open set are concepts that were first presented by O. Najastad [15], A. Fadhil

[4], B.S. Abdullah, Sabih W. Askandar, and Rugquyah N. Balo [8],respectively.

A. Csaszar introduced the idea of generalized topological space in 2002. A family of subsets of a set that is
closed in an arbitrary union but not in the condition of intersection is known as a generalized topology. Let X be
a non empty set and P (X) be the power set of X. A subfamily u of P(X) is called a generalized topology (GT,
for short) on X if wu is closed under arbitrary union. (X, ) is called a generalized topological space (GTS)
[2]. The members of u are called u-open sets and their complement are called u-closed sets. In GTS(X, u), here
M, =U{U:U €u}. A GTS (X,u) is called strong if M, =X [7]. Dr.S.B.Tadam and Ms. K.R.Sharma
introduced the idea of u- ha-generalized topological space[11].A subset A of a generalized topological space X
is said pu- ha-open set denoted by (u- ha-0s) if for each set that is not empty U in X, U # X and U is u- a-open
such that A < i,,(A U U). The collection of all - ha-open set is denoted by up,. i.€. upe = {A : Ais pu-ha-open
setin X}. Here M, =U{U:U € ppq}.

In this paper we present subspace of generalized topological space, u-a-Subspace of a u-a-generalized
topological space and u-ha-Subspace of a u-ha-generalized topological space. Also we define interior and
closure operators on these subspaces. Their properties, interrelationships, characterizations are obtained.

Here in this introduction, some definitions and basic concepts in topological space and generalized topological
space have been given.

Definition 1.1: Let X* be a subset of a topological space (X,T). Then the relative topology for X* is the
collection T~ of all sets which are the intersections of X* with the members of 7. i.e. 7" ={G*: G* =G n
X,GET}

Here (X*,T™) is called the subspace of a topological space (X, T).

Definition 1.2: A subset A of a topological space (X, T) is said to be
1. a-open set denoted by (a-0s) [15] if A < i(c(i(A4))
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2.h-open set denoted by (h-os) [4] if for each set that is not empty U in X, U # X and U € T, as aresult A <
i(AuU).

Definition 1.3: [8] A subset A of a topological space (X,T) is said to be ha-open set denoted by (ha-os) if for
each set that isnotempty U in X, U # X and U is (a-0s), asaresult A <€ i(A U U).
The complement of the ha-open set is named ha-closed set denoted by (ha-cs).

Definition 1.4: Let (X, 1) be a GTS and A be a non empty subset of X.

1. p-interior of A: [10] The interior of a subset A of X is i,(A) =V {G, : G, € u, G, S A}

i.e. union of all u-open set contained in A.

2. p-closure of A: [10] The u-closure of a subset A of X is c,(A) =N {F,: F,-u-closed set, A € F,} i.e.
intersection of all u-closed set containing A.

Remark 1.5: Here p-interior and £ -closure operators on a GTS (X, u) satisfy the following properties:
1Li,(A)cAcc(A), forallAcX.
2.1fAc B < Xtheni,(A) €i,(B)andc,(4) € c,(B).

2. Subspace of a generalized topological space X:

Definition 2.1:[6] Let (X, ) be a generalized topological space and X* be any non empty subset of X. Then the
relative generalized topology for X* is the collection u* defined as u* ={A*: A*=An X", A € u}. Hence
M, = U{A": A" € u*} . Here (X*, u") is called the subspace of a generalized topological space (X, u) and the
members of p* are said to be the u*-open sets of (X*, u™).

The set which is not u*-open is called u*-closed set of (X*, u*). We denote the collection of all u*-
closed set of X* by F*.i.e. F* = {F* : F*is u*-closed in X*}.

Theorem 2.2:[6] Subspace of a generalized topological space is also a generalized topological space.

Remark 2.3: From above theorem we observed that, arbitrary union of y*-open sets is again u*-open. Applying
Demorgan’s law we get the following result.

In a generalized topological space, arbitrary intersection of u*-closed sets is again u*-closed.

Definition 2.4: u*-interior of a set in X*: The u*-interior of a subset A4 in X is the union of all u*-open sets
contained in A and it is denoted by i (4).

ie. i;(A)=u{G": G"=GNX",GEpN G S A}

Here we observed that, i, (A) is the largest *-open set contained in A.

Proposition 2.5: A set A is u*-open if and only if A = i;(4).

Proof: Suppose A is u*-open set in a subspace X *of a generalized topological space X.

By definition, i;(A) =U {G : G € u*, G < A}, arbitrary union of u*-open sets contained in A. Hence, i;(A4) is
the largest u*-open set contained in A.

Thus A € i;;(A) S A. = A = i;,(A).
Conversely: Suppose A = i;(4). But i, (4) is the largest x*-open set contained in A.
= A is u*-open set.

Definition 2.6: u*-closure of a set in X*: The u*-closure of a subset A in X* is the intersection of all u*-closed
sets containing A and it is denoted by ¢, (4).
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ie.c,(A) =n{F": FF=FNnX',Fe€F,AcF} where F = Cu = set of all u-closed sets in X.
Here, c,,(A) is the smallest u”-closed set containing A.

Proposition 2.7: A set E is u*-closed if and only if E = c; (E).

Proof: Suppose E is u*-closed set in a subspace X *of a generalized topological space X.

By definition, ¢, (E) =n{F": F*=FnX", F € F, E € F"}, arbitrary intersection of "-closed sets containing
E. Hence,c, (E) is the smallest u*-closed set containing E.

ThusE € c,(E) SE.= E = ¢, (E).

Conversely: Suppose E = ¢, (E). But ¢, (E) is the smallest *-close set containing E'.
= E is u"-closed set.

Relationships 2.8:

1. From definition of u*-interior and u*-closure of a set A in X*, it is observed that
i(A) € A Cc,(A).
22X niy,(A)=X"n{u{G:GepnGcA}}
=U{X*NG:GeuX ' nGcA}

=i, (4)
ie ii(A)=U{G": G*=GNX"GEpG SA=X"ni,(A).

3.¢i(A)=N{F": FF=FNnX,FEF,ACF}=X" nc,(A).

3. p-a-Subspace of a p-a-generalized topological space X:
Definition 3.1: [9] A subset A of a generalized topological space(X, p) is:

1. p-semiopen setin X if A < ¢, (i, (4)).
2. p-a-open set if A < i,,(c, (i, (A))).
3. u-B-openset if A < ¢, (i, (c,(4))).

Theorem 3.2: (X, u,) is a generalized topological space.
Proof: Let (X,u) be a generalized topological space and u, ={ASX:A<Si,(c, (i#(A))) } As 9=
iy (Cu(iu(m))' hence @ € .

Now we have to show that y,, is closed under arbitrary union.
Let {A;} be the arbitrary collection of yu,-open sets in X.

i.e. foreach i, A; € ug = A; S i,,(c, (i (4)))

Foreachi, A; € U; 4;

= i,(4;) < i, (U; 4)

= ¢, (i,(4)) € ¢, (i, (U; 4))

= 1 (6 (1 (A1) € i, (cu(i, (U 4))) -

i.e. fori, A; € i,(c,(i,(4))) S i,(c,(iy U A)

= Ul'Al' c il‘-(cﬂ(iﬂ ULAL)
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= U;4; € Uy

Thus (X, 1) is a generalized topological space.

Proposition 3.3: A set A is u,-open if and only if A = i, (A).

Proof: Suppose A is u,-open set in a generalized topological space X.

By definition, i, (A) =U {G : G € pq, G < A}, arbitrary union of u,-open sets contained in A. Hence by above
theorem, i, (A) is the largest u,-open set contained in A.

Thus A € iy (A) S A.=> A =i, (A).
Conversely: Suppose A = i, (A). Buti, (A) is the largest u,-open set contained in A.
= A is u,-open set.

Definition3.4: u-a-subspace of a generalized topological space X: Let (X, u) be a generalized topological
space and X~ be any non empty subset of X. Then u-a-relative generalized topology for X* is the collection y,
definedas uy = {A*: A" = ANX",A € uy}. Hence M, = U{A": A" € ug}.

Here (X, u,) is called the u-a-subspace of a generalized topological space (X, u,) and the members of u;, are
said to be the uy-open sets of (X~, uz,).

The set which is not u7,-open is called ug,-closed set of (X*, u). We denote the collection of all u7,-closed set of
X by E, . ie F,- ={F*: F*is u}-closed in X*}.

Theorem 3.5: (X, uz) is also a generalized topological space.

Proof: Let (X,u) be a generalized topological space and (X*,u;) be the u-a-subspace of a generalized
topological space (X, ). By definition, u;, = {A*: A" =ANX" A € u,}

AsPEU, =D =0NX"E uy.

Thus we have only to show that u;, is closed under arbitrary union.
Let {A;"} be the arbitrary collection of u;,-open sets in X*.

i.e. foreach i, A;" € u;, = A;” = A; n X*, for some 4; € u,.

Thus we get an arbitrary collection {4;} of members of u, and y, is a generalized  topology for X and hence
UiA; € lg-

~ Ui AT = U4 X)) = (Ui d) N X" Epg .
Hence (X*, u;) is also a generalized topological space.
Remark 3.6: In above theorem we observed that, arbitrary union of u,-open sets is again
us-open. Hence by applying Demorgan’s law we get, arbitrary intersection of u},-closed sets is again u,-closed.

Definition 3.7: ug-interior of a set in X*: The u;-interior of a subset A in X* is the union of all u;-open sets
contained in A and it is denoted by i, (A).

ie. iy (A)=U{G": G*=6GNX"GEpu, G < A}.
Proposition 3.8: A set A is ug-open if and only if A = i, (4).

Proof: Suppose A is u-open set in a u-a-subspace X*of a generalized topological space X. By definition,
i, (A) =U{G : G € ug, G < A}. Here, i (A) is the arbitrary union of uz-open sets and hence ug-open. Thus
i, (A) is the largest ug-open set contained in A.

Thus A < i, (A) € A.
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= A=1i, (A).
Conversely: Suppose A = i;,_(A), the largest ug-open set contained in A. Hence, A is ug-open set.

Definition 3.9: uJ-closure of a set in X*: The u},-closure of a subset A in X* is the intersection of all u},-closed
sets containing A and it is denoted by c;, _(A).

ie ¢, (A)=n{F": F"=FnX",F€F,ACF} where F, = Cu, = set of all u,-closed sets in X.
Proposition 3.10: A set E is ug-closed if and only if E = ¢, (E).

Proof: Suppose E is uj-closed set in a u-a-subspace X*of a generalized topological space X. By definition,
Cio(E) =n{F*: F*=FnX*, FEF, ECF}, arbitrary intersection of u*-closed sets containing E.
Hence,c,, (E) is the smallest u*-closed set containing E.

ThusE € c,(E) SE. = E = ¢, (E).

Conversely: Suppose E = ¢, (E). But ¢, (E) is the smallest uz-closed set containing E.
= E is pg-closed set.

Relationships 3.11:

1. The relation between g -interior and ug-closure of aset in X*is i; (4) € A € ¢, (A).

2. The relation between u,-interior and p,-interior of a set in a generalized topological space is
i, (A) =U{G": G"=GNX",GEpu, G <A}=X"ni, (4.

3. The relation between u;,-closure and u,-closure of a set in a generalized topological space is

¢ (A =n{F": FF=FnX"FeF,ASF}=X"nc, (A).

4, p-ha-subspace of a u-ha-generalized topological space X:

Definition 4.1: u-ha-subspace of a u-ha-generalized topological space X: Let (X,u) be a generalized
topological space and X* be any non empty subset of X. Then u-ha-relative generalized topology for X* is the
collection uy, defined as pp, = {A" : A" = AN X", A € ppq}. Hence My, = U{A": A" € up,}.

Here (X*, ur,q) is called the u-ha-subspace of a u-ha-generalized topological space (X, upn,) and the members
of uy,, are said to be the uy,-open sets of (X*, upnq)-

The set which is not u,,-open is called p;,-closed set of (X*, un,). We denote the collection of all y;,,-closed
set of X* by Fp,. " i.e.Fp,” = {F*: F*is u;,-closed in X*}.

Theorem 4.2: (X*, un,) is also a generalized topological space.

Proof: Let (X, ) be a generalized topological space and (X*, uy,,) be the u-ha-subspace of a u-ha-generalized
topological space (X, tne)- By definition, pj,, = {4": A" =ANX", A € up,}.

ASOE U =D =0NX"Eup,.

Thus we have only to show that u},,, is closed under arbitrary union.
Let {G;"} be the arbitrary collection of u;,-open sets in X*.

i.e. foreach i, G;" € uj,, = G;" = G; N X*, for some G; € ppq-

Thus we get an arbitrary collection {G;} of members of u;, and p;, is a generalized  topology for X and
hence U; G; € Ung-

= (Ui G) N X" € ppg.
2 UG = UG nXY) = (UGN X* Eppg
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Hence (X*, ur,,) is also a generalized topological space.

Definition 4.3: uy,,-interior of a set in X*: The uj,-interior of a subset A4 in X* is the union of all u;,-open
sets contained in A and it is denoted by i/, (A).

ie. iy, (A)=U{G": G"=GNX",GE ppy, G S A}.

Proposition 4.4: A set A is uy,-open if and only if A = i, (A).

Proof: Suppose A is up,-0pen set in a p-ha-subspace X*.

By definition, i;, (A) =U{G": G" =G NX", G € ppe, G* < A}, arbitrary union of u;,-open sets contained in
A. Hence, i, (A) is the largest up,-open set contained in A.

Thus A c iy, (A) S A.= A= (A).

Conversely: Suppose A = i, (A). Buti;, (A) isthe largest up,-open set contained in A.

= A IS p,,-0pen set.

Definition 4.5: p;,-closure of a set in X*: The puj,,-closure of a subset A in X* is the intersection of all yj,,-
closed sets containing A and it is denoted by c,,, (A).

i.e. ¢, (A) =N{F": F* =FNX", F € Fre, A S F}, where Fq = Cpipq = set of all pyq-closed sets in X.
Proposition 4.6: A set E is uy,-closed if and only if E = c;, (E).

Proof: Suppose E is up,-closed set in a pu-ha-subspace X*of a generalized topological space X. By definition,
Cing(E) =N{F": F* =FnNX", F €Fpy, ECF}, arbitrary intersection of uj,-closed sets containing E.
Hence,cy, , (E) is the smallest ;. -closed set containing E. Thus E S ¢, (E) S E. = E =, (E).

Conversely: Suppose E = ¢, (E). But c;, (E) is the smallest uj,-closed set containing E. Hence,E is piyq-
closed set.

Relationships 4.7:

1. Relation between M, and M, :Weknow M, =U{A:A € up.}.
Forany x € M, there exists A* € up, suchthatx € A" < M, .

ButdA* € up, 2 A" =ANX" A€ up,.

NOW € ppe > A S M, .

Thusx e A"CACS M,

>x€EM

Hha*
= M;ha c Mﬂh(x'
2. The relation between puy,-interior and pj,-closure of a set in generalized topological space is
Ling(A) €A S, (A).
3. The relation between puj,,-interior and p,,-interior of a set in generalized topological space is
b (A) =U{G": G"=GNX",G € fipe, G* S A}=X" N iy, (A).
4. The relation between uj,-closure and u,,-closure of a set in generalized topological space is
Cina (D) =N{F*: F* =FNX",F € Frp, ASF'}= X" N ¢y, (A).
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