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1. Introduction and Preliminaries:

A concept of a-open set in topological space was initiated by O. Najastad [14]. A Fadhil [4] introduced h-
open set in topological spaces. Further this study extended to ha-open set in topological spaces by B. S. Abdul-
lah, Sabh W. Askandar, Rugayah N. Balo [8]. The aim of this paper is to introduce and study the properties of
u-ha-Open sets and u-ha-Closed sets in generalized topological spaces (GTS), introduced by A. Csaszar [2]
which is not close in condition of intersection, specifically they are close in arbitrary union. Let X be a non emp-
ty set and P (X) be the power set of X. A subset u of P (X) is called a generalized topology (GT, for short) on X
if w is closed under arbitrary union. (X, u) is called a generalized topological space (GTS) [2]. The members of u
are called p-open sets and their complement are called u-closed sets. In GTS(X, u), we define M, =u {U: U €
u}. A GTS (X,p) is called strong if M, = X [7]. It is well known that generalized topology in the sense of
Csaszar [2] is a generalization of topology on set.

In this paper, we look into the relationships among u-open set, a-open set and u-ha open sets in general-
ized topological space in section 2. Subsequently in section 3 we introduce and studied u-ha-interior and u-ha-
neighborhoods and its properties. At last in the series we look at u-ha-limit point, u-ha closed set, u-ha- clo-
sure operator and its properties in section 4.

Here in this introduction, some definitions and basic concepts in topological space and generalized topolog-
ical space have been given.

In topological space (X, T) we denote the interior (resp. closure) of a subset A of X by i(4), (c(4)).
Definition 1.1: A subset A of a topological space (X, T) is said to be
1. a-open set denoted by (a-0s) [14] if A < i(c(i(A))

2.h-open set denoted by (h-0s) [4] if for each set that is not empty U in X, U+ X and U € T, as a result
Aci(Aul).

Definition 1.2: [8] A subset A of a topological space (X,T) is said to be ha-open set denoted by (ha-os) if for
each set that is not empty U in X, U #= X and U is (a-0s), as aresult A < i(A U U). The complement of the ha-
open set is named ha-closed set denoted by (ha-cs).

Lemma 1.3: [4] Each open set in a topological space is (h-0S).

Lemma 1.4: [14] Each open set in a topological space is (a-0S).
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Lemma 1.5: [8] Each (h-0s) in a topological space is (ha-0s).

Lemma 1.6: [8] Any open set in a topological space is (ha-0s).

Definition 1.7: Let (X, 1) be a GTS and A be a non empty subset of X.

1. p-interior of A: [10] The interior of a subset A of X is i,(A) =U {G, : G, € u, G, S A}
i.e. union of all u-open set contained in A.

2. p~closure of A: [10] The u-closure of a subset A of X is ¢, (A) =n {F,: F,-u-closed set, A € F,} i.e. intersec-
tion of all p-closed set containing A.

Remark 1.8: Here u-interior and g -closure operators on a GTS (X, u) satisfy the following properties:
1i,(A) cAcc,(A), forall AcX.

2.1fAc B < Xtheni,(A) €i,(B)andc,(A4) € c,(B).

Definition 1.9: [9] A subset A of a generalized topological space(X, w) is:

1. p-semiopen set in X if A < ¢, (i, (4)).

2. p-a-open setif A < i,(c, (i, (A))).

3. u-p-open set if A c ¢, (i, (c, (A))).

2. p-ha- Open Sets in Generalized Topological Spaces:

Definition 2.1: A subset A of a generalized topological space X is u-h-open set if foreachU = @inX, U #
Xand U € u, A < i, (AU U). We denote the collection of all (u-h-os) in GTS X by up,. i.e. up ={A: Ais u-h-
open set in X}.

Definition 2.2: A subset A of GTS X is said to be u-ha-open set denoted by (u-ha-os) if for each set that is not
empty U in X, U # X and U is u-a open such that A < i, (4 U U). We denote the collection of all (u-ha-os) in
GTS X by ppg-i.e. upe = {A: Ais u-ha-open set in X}.

We define M, =U{A: A € ppq}.

The set which is not u-ha-open is called u-ha-closed set denoted by (u-ha-cs). We denote the collec-
tion of all (u-ha-cs)inGTS X by 7, .ie F,, ={F: Fispu-ha-closed setin X}.
Proposition 2.3: Each u-open set in GTS is u-h- open set.
Proof: Let (X,u) beaGTS and A be an u-open setin X.

To show that A is u-h-open set, we have to show foreach U # @ inX, U # Xand U € u, A < i, (AU U).

We know A € AU U, foreachset U € u

= i,(A) S i,(AU D)

>ACi,(AVU) (vA€uA=1i,4)

Hence each p-open set in GTS X is u-h-open set.

Remark 2.4: The converse of the above proposition is not true. We justify it through the following example.

Example 2.5: Let X = {a,b,c}, u = {®,{a}, {a,c}}, u, = {0,{a},{c},{a, c}}. Here we observe that, each u-
open set is u-h- open set but {c} is u-h-open set which is not a u-open set.

Proposition 2.6: Each p-open set in GTS X is u-a-open set.
Proof: Let (X, ££) bea GTS and A be an u-open set in X.
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To show that A is u-a-open set, we have to show A4 < i, (c,(i,(4)))

Since A€ pu, A=1i,(4)

Also A € ¢, (A) = ¢, (i, (A))
i.e. A C c,(i,(4)

“ 1, (A) € iy(c, (iu(A)))

> A<ic, (i”(A))) (from(1))
= A is yu-a-open set.
Hence each p-open set in GTS X is u-a-open set.

Proposition 2.7: Each u-h- open set in GTS X is u-ha-open set.

Proof: Let (X, &) be a GTS and A be an u-h-open set in X. Thus for each U # @ in X, U # Xand U € u, we
have A c i, (A U U). Since by Proposition 2.6, each u-open set in GTS X is u-a-open set, U € p,.Thus for each
setU #@inX,U # XandU € u,, We have A c i, (AU U).

= A is u-ha-open set. Hence each u-h- open set in GTS X is u-ha-open set.

Remark 2.8: From Proposition 2.3 and 2.7 we get, each p-open set in GTS X is u-ha-open set and hence
M, < M,, . But the converse of the proposition 2.6 and 2.7 are not true. We justify it by giving a counter ex-
ample.

Example 2.9: Let X = {a,b,c,d, e}, u = {0,{a},{d}, {a,d},{a,b,c},{a, b,d},{a b,c d}},
o = {9, {a},{d},{a, b}, {a,c},{a,d},{a b,c}{a b,d}.{a cd}{ab,c d}},

un = {0,{a}, {d},{a,d},{a,b,c},{a b,d} {a,b,c d}} and

Une = {0,{a},{d},{a,d},{a,b,c},{a, b,d},{b,c,d} {a,b,c d}}

Here we observe that, each p-open set is u-a-open set but {a, b} is u-a-open set which is not u-open. i.e. the
converse of the proposition 2.6 is not true. Also, each u-h- open set is u-ha-open set but {b, ¢, d} is a u-ha-open
set which is not u-h- open. Hence the converse of the proposition 2.7 is not true.

In this example we also observed that, {a, b} is u-a-open set which is not u-ha-open and {b, c, d} is u-
ha-open but not u-a-open set. Hence there is no relationship between u-ha-open set and u-a-open set.

Theorem 2.10: Ina GTS X, arbitrary union of u-ha-open set is u-ha-open set.

Proof: Let (X,u) be a GTS and {G;} be any arbitrary collection of u-ha-open sets in X. To show that U, G, is
u-ha-open set in X we have to show that for each set that is not empty U in X, U # X and U is u-a open such
that U, Gl c i/,L((Ul GA) U U)

Let U be any non empty proper subset of X, such that U is y-a open in X then we have to show that

Uz G € i,((U; G U U).

Letx €U, G, = x € G, forsomeA (2)
As G, is u-ha-opensetin X = G; < i,(G, U U)

ie. Gy S iy (GRUU)CSi,((UyGy)ul)

=G, S, (U GHVUYy (3)
From (2) and (3) we get, x € i, (U, GHUVU) (4)
From (2) and (4) we get, Uy Gy < i,((U; Gy) U U)

Hence, U, G, is u-ha-open sets in X.
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Remark 2.11:
i] Applying DeMorgan’s law to the above theorem we get the following result.
Ina GTS X, arbitrary intersection of u-ha-closed set is u-ha-closed set.
ii] The following example shows that finite intersection of u-ha-open set need not be u-ha-Open set.
Example 2.12: Let X = {a,b,c,d, e}, u = {®,{a},{d},{a,d},{a, b,c},{a,b,d},{a,b,c,d}},
Ue = {90,{a},{d},{a, b}, {a,c},{a,d},{a,b,c},{a,b,d},{a,c,d} {a b,c,d}}and

Une = {0,{a},{d},{a,d},{a,b,c},{a,b,d},{b,c,d},{a,b,c,d}}. Here {a,b,c} and {a, b,d} are u-ha-open sets
but their intersection{a, b,d} N {b, c,d} = {b,d} & un,. Thus, finite intersection of u-ha-open set need not be
u-ha-open set.

Remark 2.13:

From theorem 2.10 and example 2.12, it is observed that (X, 1) is a generalized topological space but not a
topological space.

3. u-ha-Interior and u-ha-Neighborhoods in Generalized Topological Space:

Definition 3.1: u-ha-interior of A: The u-ha-interior of a subset A of a GTS X is the union of all u-ha-open
sets contained in A and will be denoted by iy, (4).i.e. iy, (A) =U {G: G- u-ha-openset, G < A}.

Remark 3.2: From theorem 2.10 we get, i, (A) is the largest u-ha-open sets contained in A.
Theorem 3.3: A subset A of a GTS X is u-ha-open setiff A =1i,, (A).

Proof: Let A be a u-ha-open subset of a GTS X.By definition, i, (4) =U{G,, : G,
G, < A}isthe largest u-ha-open sets contained in A.

na” W-ha-open set,

Hha —
iei, (A)SA (5)
ButAis u-ha-opensetand A € Ahence A < iy, (A) e (6)

From (5) and (6) we get, A = iy, (4).

Conversely: LetA = iy, (4)

Asi,, (A) is the largest u-ha-open set, hence A is a u-ha-open set.

Remark 3.4: u-ha-interior operators on a GTS X obey the following properties.
I] iﬂha (iliha(A)) = iﬂha (A)’

ii]If A < Btheni,, (A) < i, (B),

iii] i, ,(ANnB) € iy, (A) Ni,, (B),

iv] iy, (A Vi, (B) € i, (AUB).

Definition 3.5: In a GTS X, u-ha-neighborhood of a point x is any set which contains u-ha-open set containing
the point. i.e. E is u-ha-neighborhood of a point x if there is u-ha-open set G containing x suchthat x € G € E.

Lemma 3.6: Ina GTS X, E is u-ha-neighborhood of a point x iff x € i, (E).

Proof: Let E be a u-ha-neighborhood of a point x.Then by definition, there is u-ha-open set H containing x
suchthatx e H S E.

= x € H CU {G: G- p-ha-openset, G € E}=i,, (E)
=>x €1y, (E)
i.e. if E is p-ha-neighborhood of a point x then x € i, (E)

Conversely: Let x € iy, (E).Byremark 3.2,i,, (E) isthe largest u-ha-open set contained in E.
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Thus iy, (E) is the u-ha-open set such that x € i, (E) € E.

= E is u-ha-neighborhood of a point x.

Theorem 3.7: Ina GTS X, a set is u-ha-open iff it is a u-ha-neighborhood of each of its point.

Proof: Let X beaGTS and G < X. First suppose that G is u-ha-open. Then for any x € G we have,

X € G € G and hence G is u-ha-neighborhood of a point x. Thus G is a u-ha-neighborhood of each of its point.

Conversely: Suppose G is a u-ha-neighborhood of each of its points. Then for each x € G, there is u-ha-open
set H, such that x € H, € G.Then G = U, H, , arbitrary union of u-ha-open set. Hence by theorem 2.10, G
is u-ha-open set.

Definition 3.8: Let X be a GTS and x € X. Let WV, be the set of all u-ha-neighborhoods of x in X. Then the
family 2V, is called the u-ha-neighborhood system at x.

Theorem 3.9: Let X be a GTS and for x € X, let IV, be the u-ha-neighborhood system at x. Then,

i]1fU € W, thenx € U.

iijifvVenN,andV c UthenU € N,.

iiijForany U,VEN,, UUV EN, .

iv] A set G is u-ha-opensetin X iff G € IV, forall x € G.

V] If U € IV, then there exists V € IV, suchthatV € U,V € IV, forally e Vand U € IV,, forall y € V.
Proof: Properties [i] to [iv] are obvious from the definition of neighborhood of a point given in

definition 3.5. Now for [v], consider U € XV, i.e. U is u-ha-neighborhood of a point x. Thus there exist p-ha-
open set VV such that x € V € U. As V is u-ha-open set then by Theorem 3.7, V is u-ha-neighborhood of each
of its points. i.e. V € IV, forall y € V. Also from [ii], V € U > U e N, forally e V.

Theorem 3.10: Let X be a set and suppose for each x € X, a non-empty family V,.* of subsets of X is given,
satisfying [i], [ii] and [v] of the theorem 3.9 above. Let u* be the family of all subsets of X which are u-ha-
neighborhood of each of their points; i.e. u* = {G : x € G implies that G € NV, *}. Then u* is a generalized topol-
ogy for X, and if 2V, is the collection of all u-ha-neighborhoods of x defined by the generalized topology u*,
then IV, "=V, for every x € X.

Proof: To show that u* = {G : x € G implies that G € IV, "} is a generalized topology for X, we have to show
that @ € u* and U,¢; Gy € 1™ where G, € u* for every A€l # @. Clearly, p e u*. Let Gy eu* for A€l # 0
and x € U;¢; Gy Now x € Uy, G = x € G, for some A € I.By definition of u*, x € G; = G, € N,". As, G, €
N, and G, € Uy Gy thus by theorem 3.9 [ii], Uy, Gi € N,". ie. x € Uy Go = Ui Gy € N,". Hence
UrerGo E 1.

(V=W ,): If N € IV, i.e. N is u-ha-neighborhoods of x then there exists G € u* such that x € G € N. From
the definition of u*, x € G implies that G € IV,," and hence N € IV, " by [ii]. Thus IV, € WV, ".

Now suppose that N € NV, *. Let us define the set G as, G = {y : N is the u-ha-neighborhoods of y} to be all
points which have N as a u-ha-neighborhood. Clearly,x € G, while by [i], every point with N as a u-ha-
neighborhood is in N, so y e N Yy € G implies that G € N. Now we will show that G € u*; i.e., for every
y € G implies that G € V;,". Let y € G, so that N is the u-ha-neighborhood of y i.e. N € IV,". By [v], there
exists a set N* such that N* € V", and if z € N* then N € IV,". The definition of G shows that N € V" implies
that z € G, hence, N* € G and, by [ii], G € IV,

4. u-ha-Closed sets in Generalized Topological Spaces:
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Definition 4.1: For a GTS X, a point x € M, is a u-ha-limit point of a subset E iff every u-ha-open set con-

taining x contains a point of E different from x; i.e. if x € G € py,, then E NG — {x} # @. The set of all u-ha-
limit points of a set £ is called the u-ha-derived set of E and is denoted by d,,, (E).

Example 4.2: Let X = {a,b,c,d,e} , u = {@,{a},{d},{a,d},{a,b,c},{a,b,d},{a,b,c,d}}, Ha =
{0,{a},{d},{a, b}, {a,c},{a,d},{a b,c},{a b,d}{a c d}{a b, c d}}and

Pra = {0,{a},{d},{a,d},{a,b,c},{a,b,d},{b,c,d},{a,b,c,d}}, M,, = {ab,c,d}.Then the point b,c € M, .
are u-ha-limit points of a subset A = {a, b,d, e} of X. i.e.d,, (A) = {b,c}. Points b,c € M,  are u-ha-limit
point of a subset B = {a, b, c, e} of X.i.e. d,, (B) = {b,c}. Buta,d € M,  are not u-ha-limit points since {a}
and {d} are u-ha-open sets.

Theorem 4.3: If A, and B are subsets of the GTS X, then the u-ha-derived set has the following properties:

I] d”ha(w) = @!

iijIfA < Bthend,, (A)<d,, (B),

ii] Ifx € d, (A) thenx € d,, (A — {x}),

ivld,, (AnB)<d, (A)nd, (B),

vlid,, (Aud, (B)<d, (AUB).

Hha Hha

Remark 4.4: Converse of the theorem 4.3 [iv] and [v] are not true. We justify it through the following example.
Example 4.5: Let X = {a,b,c,d, e}, u = {@,{a},{d},{a,d},{a,b,c},{a,b,d},{a,b,c,d}},
e = {0,{a},{d},{a, b},{a,c},{a,d},{a,b,c},{a, b,d} {a,c d},{a b,c, d}}and
the = {9,{a},{d},{a,d},{a,b,c},{a,b,d},{b,c,d},{a b,c,d}}, My, ={ab,c,d}

For the subset P = {a,c,e} € X, d,, (P) = {b} and for the subset Q = {b,c,d,e} € X, d,, (Q) =
{b, c}. Thus for the subset P N Q = {c,e} € X, d,,, (P N Q) = @. Here we observed that {b} @ i.e. d,, (P) N
dy,. (@) £d,, (PNQ).

For the subset A = {a, b} € X, d,,, ,(4) = {c} and for the subset B = {b,c} € X, d,,, (B) = {c}. Thus
for the subset AUB ={a,b,c} € X, d,, (AUB) = {b,c}. Here we observed that {b,c}  {c} i.e. d,, (AU
B) ¢ d,, (A ud,, (B).

Hha

Hha

Theorem 4.6: If F is u-ha-closed subset of a GTS X then it contain all its u-ha-limit points i.e. d,,  (F) € F.

Proof: Suppose F is u- ha-closed set in a GTS X. We have to show that F contain all its u-ha-limit points. Let
x be any p-ha-limit point of F. Then to show that x € F. Suppose x ¢ F.

i.e. x € CF. As F is u- ha-closed set = CF is u- ha-open set. i.e.CF is u- ha-open set containing x. Thus by
definition of u- ha-limit point, CF n F-{x} # @. This gives contradiction and hence our assumption that x & F
is wrong. Hence x € F. Thus F contain all its u-ha-limit points.

Remark 4.7: Following example shows that the converse of the above theorem need not be true.

Example 4.8: Let X = {a,b,c,d, e} , u = {®,{a},{d},{a,d},{a,b,c},{a,b,d},{a,b,c,d}}, ba =
{0,{a},{d}, {a, b}, {a,c},{a,d},{a b, c}{a b,d}{ac,d}{a b, c d}}and

Une = {9,{a},{d},{a,d},{a,b,c},{a,b,d},{b,c,d},{a,b,c,d}}, M, = {ab,c,d}.Thenthe points b,c € M,,
are u-ha-limit points of a subset A = {a, b, c,d} of X. i.e.d,, (A) = {b,c}. Here d,, (A) € A but A is not u-
ha-closed subset of a GTS X.
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Definition 4.9: The u-ha-closure of a subset F of GTS X is the intersection of all u-ha-closed set containing F.
i.e. ¢, (F) =n{H: H is u-ha-closed set, F < H}.

Theorem 4.10: A subset F of a GTS X is u-ha-closed set iff F = ¢, (F).

Proof: Let F be a u-ha-closed subset of a GTS X. By definition, c,, (F) =n {H: H- u-ha-closed set, F < H}
is the smallest u-ha-closed set containing F.ie. F S c,, (F) ... 7

But F is u-ha-closed setand F < F hencec,, (F)SF ... (8) From
(7) and (8) we get, F = c,, (F).

Conversely: Let F = ¢, (F)
As c,,, (F) is the smallest u-ha-closed set containing F, hence F is u-ha-closed set.
Theorem 4.11: Forany set AinaGTS X, x € ¢, (A) iff x € U € pp, impliesU N A # @.

Proof: Letx € ¢, (A) and x € U € up,. Thento show that U N A # @. Suppose UNA =@ = A S CU. AsU
is u-ha-open set then CU is p-ha-closed set. i.e.CU is u-ha-closed set containing A and ¢, (A) is the smallest
p-ha-closed set containing A. Hence ¢, (A) € CU. ~ x € ¢, (A) S CU = x € CU. This gives contradiction
since x € U. Hence our assumption that U n A = @ is wrong. Thus U N A # @.

Conversely: Suppose x € U € uy, impliesUNA # 0.

NowUNA#=0= UnA={x}orUNA—{x}=+0.

UnA={x}=>x€ACc¢, (AiexEc,, (A)

UnA-{x}#0=>x€d, (A <Sc, (A)iex€c, (4.

Thus in both cases we get x € ¢, (4).

Remark 4.12: u-ha-closure operators on a GTS X obey the following properties, for any subset E of X.

i] ¢up (@) = X — M,  exceptforX =M, ,

il E € ¢, (E),

1] e (Cng (B)) = g (B,

iv] ¢, (E) is the smallest u-ha-closed set containing E.

vlEud,, (E) Sc,, (E).

Remark 4.13: Converse of the Remark 4.12[v] is not true. We justify it through the following example.
Example 4.14: Let X = {a,b,c,d, e}, u = {®,{a},{d},{a,d},{a, b,c},{a,b,d},{a,b,c,d}},

Ue = {90,{a},{d},{a, b},{a,c},{a,d},{a b, c},{a b,d},{a,c,d} {a b, c d}}and

Una = {0,{a},{d},{a,d},{a,b,c},{a,b,d},{b,c,d},{a,b,c,d}}, M,, = {a,b,c,d}.

Fine =X Ab,c,d e} {a,b,c e}, {b,c,e},{d e}, {c e}, {a e} {e}} For the subset A = {a, b} € X, d,, (A) = {c}
and ¢, (A) =Xn{ab,c,e}={ab,c,e}. Here we observed that {a, b} U {c} = {a,b,c} € {a,b,c,e} i.e.
Aud,, (A) < cy,,, (A).

Theorem 4.15: Relation between u-ha-interior and u-ha- closure operator ina GTS X.

Let E be any subset of a GTS X. Then

i1 iy, (E) = Cc,, (CE).ie.i,, (E) =X—c, (X —E),

ii] ¢, (E) = Ciy, (CE) ie.c,, (E) =X (X —E).

- lliha
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Proof: We know in a GTS(X, u), iy, ,(E) € E.

= C (i, (E)) 2 C(E) (by taking the complement on both sides)
= ¢, (C (i”ha(E))) 2 ¢y, (C(E))  (by taking the u-ha-closures on both sides)

As iy, (E) is u-ha-open set thus C (i#ha(E)) is u-ha-closed set and hence

Cune (C (i#ha(E))) -C (i#ha(E))

> C (i”ha(E)) ¢, (C(E))

= iy, (E) € C(c,,, (C(E))) (by taking the complement on both sides) — .............. 9)
As ¢, . (CE) is the smallest u-ha-closed set containing CE i.e. CE < ¢, (CE)

= C(Cupe (C(ED)) s p-ha-open set and € (c,,,,(C(E))) € C(CE) = E

i.e. C(cﬂha(C(E))) is u-ha-open set contained in E and i,, (E) is the largest u-ha-open set contained in
E.Hence C(c,, (CCE)) S iy, (E) L. (10)
Thus from (9) and (10) we get, iy, (E) = Cc,, ,(CE) =X —c,, X —E) ... (11)
In (11) replace E by CE and taking complement on both sides we get,

C iy, (CE)) = ¢, (E) ie. ¢y (E) = X — (i, (X — E).

Theorem 4.16: If A and B be any two subsets of a GTS X then

i] IfA < Bthenc,, (4) < cy,, (B),

ii] ¢, (A Uy, (B) € ¢y, (AUB),

iii] ¢, (AN B) S c,, (A Ncy,, (B).

Proof: [i] Let A and B be any two subsets of a GTS Xsuch that A < B.

By theorem 4.15, ¢, (A) = X X -A4).

- i#ha
As ACB=>X-BCSX-4 =i, X-B)Ci, X—-4) =X-
B).ie. c,, (A) € c,, (B).

The proof of [ii] and [iii] follows clearly from [i].

X-AcX—i, (X—

l#ha ll‘ha

Remark 4.17: Converse of the theorem 4.16 [ii] and [iii] are not true. We justify it through the following exam-
ple.

Example 4.18: Let X = {a,b,c,d, e}, u = {®,{a}, {d}. {a,d},{a,b,c},{a,b,d},{a,b,c,d}},
e = {0,{a},{d},{a, b},{a,c},{a,d},{a, b, c},{a, b,d} {a,c d},{a b,c, d}}and
Una = {0,{a},{d},{a,d},{a,b,c},{a,b,d},{b,c,d},{a,b,c,d}}, M,, = {ab,c,d}.

For the subset A = {a} < X, c,, (A) = {a, e} and for the subset B = {d} < X, c,, (B) = {d, e}. Thus
for the subset AU B = {a,d} € X, c,, (AU B) = X. Here we observed that{a,e} U {d,e} = {a,d, e} & X. i..
Cupg AV ey, (B) & ¢y, (AUB).

Also for the subset P = {b,c,d} € X, c,,,(P) ={b,c,d,e} and for the subset Q = {a,d, e} C X,
Cup, (@) = X. Thus for the subset PN Q ={d} € X, c,, (PN Q) ={d,e}. Here we observed that {d,e} &
{b,c,d,e}nX ={b,cde}. ie.c,, (PNQ) S Cmm(P) n Cuhu(Q)'
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Theorem 4.19: If x ¢ F,where F is a u-ha-closed subset of a GTS X, then there exists u-ha-open set G such
that x € G € CF.

Proof: Let x ¢ F, u-ha-closed subset of a GTS X. As F is u-ha-closed set thus by theorem4.10, F = ¢, (F).
By theorem 4.15, ¢, (F) =X (X —F).

- l#ha

Thusx ¢ X —i, X—F)=x€ i, (X—-F)

i.e. there exists u-ha-open set i, (X — F)suchthatx € i, (X —F) <X —F = CF.
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