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Abstract: In this paper we obtain the characterization of uniformly continuous pseudo metric spaces in terms of

the associated equinormal proximity spaces. The precise result is the following.

If (X,d) is a pseudo metric space and § = §(d) is the associated proximity on X, then (X, d) is uniformly

continuous if and only if (X, §) is equinormal proximity space.

We also characterize equinormality of proximity space associated with normal uniform space in terms of

proximity of continuous mapping. Precisely the following is proved.

If (X,UW) is anormal uniform space and ¢ is the associated proximity on X then (X, &) is equinormal proximity
space iff every continuous real valued function on X is a proximity mapping. Here the proximity §; on R is
defined as A6;B © d(A,B) =inf{|lx —y| : x € A,y € B} = 0.

Also we obtain the sufficient conditions for a uniform space to define equinormal proximity. The precise
results are as follows.
Let (X, U) be a uniform space and & be the associated proximity on X. If for any two non empty disjoint closed
sets at least one is compact, then (X, §) is equinormal.
For a normal uniform space (X, U) and the associated proximity &, if (X, U) is uniformly continuous space then
(X, 6) is equinormal.
Key words: Uniformly continuous space, Proximity space, Equinormal Proximity space and Proximity mapping.

1. Characterization of uniformly continuous pseudo metric spaces in terms in terms of proximity :

Definition 1.1:
Equinormal proximity space: A proximity space (X, 8) is equinormal iff A6B & AN B + 0.
Theorem 1.2:
Suppose (X, d) is a pseudo metric space. Then (X, d) is uniformly continuous space if and only if AnNB = ¢ <

d(A4,B) > 0.
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This is the theorem4, p. 1801[5].
Proposition 1.3:
Let (X, d) be a pseudo metric space. Let §; be a binary relation defined on the power set of X by A§,B © An
B + ¢ and &, be a binary relation defined on the power set of X by
Ab6,B & d(A,B) = 0. Then
1] 6, is a proximity on X.
2] 6, is a proximity on X.
3] Forany A,B c X, if A6; B then A §, B but not conversely.
NT =706, =T(5,)
Where, T'- the topology induced by the pseudo metric d

T(6,)- the topology induced by the proximity &§;

T (68,)-the topology induced by the proximitys,
This is the theorem2.11 and remark 2.18 [4].
Proposition 1.4:
If (X,d) is a pseudo metric space and &, 8, are proximities defined on X as
AS8,B = ANB # ¢ and A5,B < d(4,B) = 0.
Then (X, d) is uniformly continuous space if and only if §; = 6, .
Proof: By theorem 1.2,
(X, d) is uniformly continuous space & ANB =@ = d(4,B) >0

© d(A,B) = 0= An B # @ (Contrapositively)
& A8,B= A§,B (1)

By proposition 1.3, 6, > §, i.e. A6;B > A6, B ... (2)
Thus from (1) and (2) we get,

(X, d) is uniformly continuous space & A§;B & Ad,B & &, = 6.
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Theorem 1.5:

If (X,d) is a pseudo metric space and &, is the associated proximity on X. Then (X, d) is uniformly continuous if

and only if (X, §,) is equinormal.

Proof: By above proposition 1.4,

(X, d) is uniformly continuous & A6,B < A6,B
& A5,B & An B + ¢ (by definition of the proximity &,)
& (X, 6,) is equinormal (by definition of equinormal space).

2. Characterization of Equinormal proximity spaces:
Definition 2.1:
Proximity Mapping: Let (X,d,) and (Y, §,) be two proximity spaces. A function f: X - Y
is said to be a proximity mapping if and only if A5,B = f(A4)d, f(B).
Lemma 2.2:
For subsets A and B of a proximity space(X,§), A6B & ASB, where the closure is taken with respect to 7(8).

This is the lemma 2.8,p.12[4].

Theorem 2.3 :

Every uniform space (X, U) has an associated proximity § = 6 (U) defined by

A6B & (AXxB)nU + @, forevery U € U.

This is the theorem 10.2, p. 64[4].

Theorem 2.4:

Let (X, U) be a normal uniform space and § = 6(U). If (X, §) is equinormal proximity space then every
continuous real valued function on X is a proximity mapping, where the proximity §, on R is any proximity

compatible with usual topology on R.
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Proof: Let f: (X, U) — (R, V) be a continuous real valued function. We show that f is a proximity mapping.
let A,B c X suchthat A6B.

= AN B # @ (since (X,5) is equinormal)

= fANfB)*0

= f(A)Nf(B)#® (since f is continuous f(A)c f(A) and f(B)c f(B))

= f(A)6,f(B) (by proximity axiom)

= f(A)6; f(B) (byLemma2.2)i.e. A6B = f(A)S,f(B).

Theorem 2.5:

Let (X, U) be a normal uniform space and § = 6(U). If every continuous real valued function on X is a proximity
mapping then (X, &) is equinormal.

Here the proximity §; on R is defined as A§;B < inf{|x —y| : x € A,y € B} =0, A BcR.

Proof: To show that (X, &) is equinormal, we show that An B = @ = ASB.

Let 4,B c X suchthat A n B = @. Since X is normal, there exists a continuous function f: X — R such that
f(A) =0and f(B) = 1.

Suppose ASB. Then by Lemma 2.2, A6B. As f is continuous, by hypothesis f is a proximity

mapping. Thus A6B = f(A)6,f(B)

= (f(/D X f(E)) NVyr#0, Vr>0.HereV,, ={(xy) :|lx—yl<r}

Thus for eachn € N, (f(4) x f(B)) NV, 1 # @.
~forn = 2, there existsx € A and y € B suchthat |f(x) — f(y)| < % :

Butxe A andy € B= f(x) =0and f(y) = 1then |[f(x) - fMI = 10— 1] =1 <.

This contradiction proves that A3B.

Combining theorem 2.4 & theorem 2.5 we get the following result.
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Theorem 2.6:
Let (X, U) be a normal uniform space and § = 6(U). Then (X, §) is equinormal proximity space iff every
continuous real valued function on X is a proximity mapping. Here the proximity &; on R is defined as A§,B <
d(A,B) =inf{lx —y| : x € A,y € B} = 0.
3. Sufficient conditions for a Uniform space to define Equinormal Proximity Space:
Theorem 3.1:
Let (X,U) be a uniform space. Let § = §(U). If for any two non empty disjoint closed subsets A, B of X at least
one is compact then ASB = AN B # @. ie. (X, §) is equinormal.
Proof: We show that A6B = AN B # @.
Suppose A N B = @ but ASB. By assumption we may assume that A is compact.
Since A6B,(AX B)nU # @, YU € U. Thus for each U € U we may choose a point (xy,yy) € U such that
(xy,yy) E(AXB)NU.
Thus we get the net {x;, : U € U,=}and {y, : U € U,=} in A and B respectively
such that (xy,yy) € U. The net {x,, : U € U, >} isin A and A is compact.
Thus there is a subnet {z, : P € E, >} of {x, : U € U, =} which convergesto z in A.
i.e. foreach U € U there is P, € E suchthat if Q € E and Q > P; then (z,z) € U. ... (3)
As {zp : P € E, >} is a subnet of the net {x; : U € U, =}, there is a function N: E — U such
thatxo N =z i.e xy, =zp forall P € E.
Also for each U € U there is P, € E with the property that if Q = P, then Ny > U. .......(4)
Now we show that {(y e N)(Q) : Q € E, >} converges to z.
Let U € U.
ThenaV eUsuchthat VoV c U.
Then from (3) for V € U,3 P, € E such that if Q € E and Q > P, then (z,,z) € V.
Also from (4) for V € U,3 P, € E suchthat if Q € Eand Q = P, then Ny, > V.
Now for P;,P, € E,3P € E suchthat P > P; and P > P, (by definition of directed set).

Thenfor Q > P we have N, >V and (z9,2) €V. . (5)
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Q=P=>Ny,=V=Ny[pl cV[plforallpex ... (6)
Thus for xy, € A there is yy, € B such that (xy,, yn,) € Ny

= Yng € Nolxn,] © V[xNQ] from (6)

= Yn, € V[xNQ] = (Xng: Yng) EV

ie. (2g:¥ng) EV and V is symmetric thus (Vg1 Zg) EV vreveeeeenn(7)
Thus from (5) and (7) we get (yNQ,Z) = (yNQ,ZQ,) °(29,z) EVoVcClU= (yNQ,Z) eU

i.e. for each U € U there is P € E such that if Q € E and Q = P then (yNQ,Z) ev.
Thus the net {yy, : Q@ € E, >} in B converges to z.

Hencez€ B.ie.z€ ANB=> ANB # 0.

This gives contradiction to the given condition. Hence our assumption that ASB Is wrong.

Thus A8B.

Theorem 3.2:

Suppose (X, W) is a normal uniform space and § = §(U) is an associated proximity on X. If (X, U) is uniformly
continuous space then (X, §) is equinormal.

Proof: Let 4, B c X such that A n B = @. Then we show that A&B.

Suppose A6Band 6 = 6(U). Then(AXxB)NU # @, VU € U.

So we may choose a point (xy,yy) € AXB)nU, VUETUU.

Thuswe getanet{x, : U €U ,=}inAand {y, : U € U, =} in B such that

(xy,yp) € AXB)NnU, YyUeu . (8)
Also AnB = @ and X is normal, there exist a continuous function f: X — R such that

f(A) =0 and f(B) = 1.

As X is uniformly continuous, the continuous function f is uniformly continuous.

i.e. for every r > 0, there exists U € U such that

whenever (x,y) €U = |[f(x) — f(W)| <r R ()
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Thus for r = % > 0, there exists U, € U such that (x,y) € Uy = |f(x) — f(y)| < % :

But for U, € U there exists x;,, € A and yy, € B such that (xy,,yy,) € (A X B) n U, from(8)
1
Hence from (9), |f (xu,) = f )| <3

1
But f(xy,) = 0 and f(yy,) = 1, then |f (xy,) = f(ru,)| = 10— 1] .
This gives contradiction. Hence our assumption that ASB is wrong. Thus A$B.
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