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ABSTRACT: In this paper we construct two dimensional Cantor like set S from any sequence { e, } with0<e,<1,>
€, = = with the help of sequence of sets { E,, } of subsets of unit square [0, 1] % [0, 1] such thatE,, > E,,;, S = NE,
and m(S) = 0. Two dimensional Cantor ternary set comes out to be a particular case of this construction of two

dimensional Cantor like sets by choosing €,,= 3 for all n. Similarly we can construct two dimensional Cantor like set by
. 1 - . . 2 . .
choosing en:gfor all n, which we have called two dimensional Cantor - 7 set, we can construct two dimensional
. . 1 - - - 3
Cantor like set by choosing €,,= > for all n, which we have called two dimensional Cantor - > set. Also we can construct

two dimensional Cantor like set by choosing €,,= % for all n, which we have called two dimensional Cantor - i set.
Further we determine the estimates for the Hausdorff dimension of such two dimensional Cantor like

sets. In particular it is proved that the Hausdorff dimension of the set S defined above is < ﬂ, where y =
lim,_ log[ H,’gzl(l_z—e")]l/k . In particular €,,= €, a constant, 0 < e < 1, it is proved that the Hausdorff dimension of the
set S defined above is > —2&%

log(5°)

KEYWORDS: Cantor set, Cantor like sets, Hausdorff dimension.
I. INTRODUCTION

Definition 1.1 Hausdorff measure:
If U is any non-empty subset of n-dimensional Euclidean space, R, then diameter of U is defined as [U| =
sup{lx — yl: x,y € U}.If {U;} is a countable (or finite ) collection of sets of diameter at most & that cover F,. i.e.
Fc U2, U; with 0<|U;| < 6 for each i, we say that {U;} is a &- cover of F.
Suppose that F is a subset of R™ and s is a non-negative number. For any § > 0 we define
HSs(F) =inf{X2,|U;|* : {U;} is a 6- cover of F }
We define
H*(F) =lims_o H*5(F)
This limit exists for any subset F of R™, though the limiting value can be 0 or oo,
We call H5(F) the s-dimensional Hausdorff measure of F.
OR HS(F) =inf{X2,|U;|* : {U;} is a countable cover of F }

Definition 1.2 Hausdorff dimension:
The Hausdorff dimension of F is defined as
dimy(F)=inf{s=0:H(F) =0}.
Itis known that inf{s>0: H(F) =0}=sup{s=>0:HS(F) = }.
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Above definitions and properties are taken from Kenneth Falconer [2].

Theorem 1.3
Let {E;} be a sequence of measurable sets. We have
i) IfE, CE, < ... ,then u(UsZ, E,) = lim u(E,).
i) IfE, 2E,2..... , then u(E;) < oo, u(NF-1 E,,) = lim u(E,,).

This is Theorem 10 in Section 5.5 on page 103 of Chapter 5, from G. de Barra [1].
1. MAIN RESULTS

A. CONSTRUCTION OF TWO DIMENSIONAL GENERALIZED CANTOR LIKE SET

4-(1-C1-C2)

(1-co-c:)
4

O 11-CO1-C4) (1-C)i1+C: 1-€, 1+€1  a-(1-coil+es) 4-(1-0)1-C2) 1
4 1 N

2 2 3 "

Fig. 2.1: Construction of two dimensional generalized Cantor like set

At first stage we divide unit square E, into three columns and three rows consisting of nine rectangles out of
which 4 are corner squares each of side , 4 are rectangles each of size ¢, X(l_zel) and 1 centre square is of side €.

Let E; be a set obtained by removing middle rectangle from each column and each row. Thus E; is the union
of 4 corner squares each of side 1_24

At second stage we divide each remaining square again into three columns and three rows consisting of nine
rectangles out of which 4 are corner squares each of side (1_61)4& 4 are rectangles each of length % and

(1-€e1) e

1-€1
2

breadth (1_61)4& and 1 centre square is of side
Let E, be a set obtained by removing middle rectangle from each column and each row from each remaining
square. Thus E, is union of 42 squares each of side (-e)U-ep)
At third stage we divide each remaining squares again into three columns and three rows consisting of nine
rectangles out of which 4 are corner squares each of side - )-6) g gre rectangles each of length

(1- 61)(i— €2) €3 and breadth (1- 61)(1—862)(1— €3) (1-e1)(1-€2) €3

and 1 centre square is of side
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Let E; be a set obtained by removing middle rectangle from each column and each row from each remaining

square. Thus E; is union of 43 squares each of side w}w

Continuing in this way at k" stage E,, consists of union of 4 squares each of side H{‘=1(1_2—Ei) :
We define
S=NkZo Ex
Where E, =UJ;,j=1 2, ....,4¥ eachJ;, being a square of side H{-‘zl(l;—si) .
Remark 2.2

Two dimensional Cantor- = set is the particular case of two dimensional generalized Cantor like set

constructed in 2.1 when €, = i
Remark 2.3

Two dimensional Cantor- % set is the particular case of two dimensional generalized Cantor like set
constructed in 2.1 when €, = %

Remark 2.4
Two dimensional Cantor-

set is the particular case of two dimensional generalized Cantor like set

constructed in 2.1 when €, = %
Lemma 2.5

Given any sequence { €, } with 0<e€, <1, Y €, =« ifand only if lim,_, [I}-,;(1 —¢;)=0.
This is from [4].

Now we determine the measure of two dimensional generalized Cantor like set constructed above in following
theorem. Here m is used to indicate the Lebesgue measure of two dimensional set.
Theorem 2.6

Measure of two dimensional generalized Cantor like set S from a given sequence { €,,} of positive numbers less
than 1 is [,!im [T, (1— e)l?ie.
m(S) = [,!im [T,(1 — €)1?. In particular if ¥, €,< o0, m(S) #0 and if ¥ €,= o0, m(S) = 0.
Proof:-

Since at first stage E, is union of 4 corner closed squares each having area [1_24]2.

m(Ey) = 4[ =22,
Since at second stage E, is union of 42 corner closed squares each having area [
o m(E, ) = 42[ Dy
Since at third stageEj; is union of43 corner closed squares each having area [

(1-e)(1-€3) ]2
EE—

(1-€1)(1- €2)(1— €3) ]2
. .

o m(Es) = 43[ (1- 61)(1—852)(1— 53)]2.

Continuing in this way at k" stage E, is union of we get 4% corner closed squares each of area
k (-€)q2
[T, =272,

« m(E,) = 44T, L52p2,
Since S=NEy,E, 2 Exyq,M(E) <ooforall k> 1, by Theorem 1.3, we have
m(S) =m(N Ey) =lim_, M(Er) i 1)

k k (1-€) 42 _ (1-¢€p)
But m(Ey) :Z}*=1m(/j,k) :Z§=1[ H§=1TE]2 = 4[5, 26 1?
(1-€)
& m(E,) = 44 ITe, S22
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Putting in equation (1) we get,
m(S) = limy, 44 T, S5
= 1My 4°[ T, (5]

= limy., 44 TS, S0

= |Imk—>oo 4k _[nl 121k El) ]

=lim e [T, (1 - €)7]
m(S) - Ilmk—wo[ HI. 1(1 € )]2
~m(S)=[ I|m [T,(1 — €)]> when ¥ €,< co.
In particular when }; €,< oo, by Lemma 2.5 we get
I|m M, - e)#0=[II2,(1 - ¢)]*#0.
~m(S)#0.
In particular when ), €,= o, by Lemma 2.5, we get,
iz1(1— €)= 0=>[H 21— e))?=0.
~m(S)=0.
Particular Cases
Case | : For €,= é we get two dimensional Cantor ternary set. Also measure of this two dimensional Cantor ternary set

is obtained by choosing €,,= é which is zero.

Case Il : For €,= i we get two dimensional Cantor - % set. Also measure of this two dimensional Cantor - % set is
obtained by choosing €,,= i which is zero.

Case 111 : For en:% we get two dimensional Cantor - % set. Also measure of this two dimensional Cantor - % set is
obtained by choosing €,,= % which is zero.

Case IV: For en:% we get two dimensional Cantor - i set. Also measure of this two dimensional Cantor - i set is

obtained by choosing €,,= % which is zero.
Now we determine the upper bound for Hausdorff dimension of two dimensional generalized Cantor like sets
in following theorem.

Theorem 2.7
Hausdorff dimension of two dimensional generalized Cantor like set S constructed in 2.1 for 0 < €, < 1, with
- isfi . < —2log2 i .—210g2 (1 En) 1/k_ ists.
Y, €,= oo satisfies dimy (S) < limk_,oolog[]'[fml(l_;n)]l/k i.e ” if limy_ o log[ [T, —=1] y exists
Proof
Let a = % , wherey = lim,_,, log[ H,’SL:l@]l/k .
We first show that if 8 > « then H?(S) = 0.
Take k=1 and let Jip, Jor, Jag i J 4, be the family of 4% closed squares remaining at k" stage in the

construction of two dimensional generalized Cantor like set S whose union is Ej,.
/.| = Area of each square remaining at k" stage J;, = [ [T, =212

2
Since Ey, = U%L, Jj, and S = N, Ey
~ S c Ej for every k
Now [Jj] = [TTE, =212 j=1,2, ......, 4%

: |lj,k|5={[H,’§ e’ },1—1,2, ...... 4%
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Ul P S8, =12,

. k (-en) (1-en)
XA L )l § | LR LR I ) LRy )
Since y = lim,._,, log[ szlﬁ—z_fn)]l/k

y <lim_olog[ (3)417c (v (1- &) <1Vn=123....)

Y < limy_log(;) =log(;) = — log2
y<—log2.Thusy <0
S27<0 @)
Now, since 8 > a = ﬂ
o By <-— 2IogZ (v y<0

= 2log2+py <0
= 2l0g2 + B lim,._., log [T, = E")]l/k <0 s ®3)
Now,

QRIS S os = glog (ISP

ollog 4 +log [T, 850126}
Qliclog 4+ log [TT5-, 952 )
ok llog 4+ Liogl 115,512y

}

Putting in equation (1) we get,
(- fn)] /k

k{log4+ﬁlog[nn 1(1 en)] I

AL = gk llog 4+ Blog[ MKy e %)

—2log2 —2log2

>
limy oo log{ T8 -, 2501 /i O=en)
—2log2

(1— (1-en) 2/k

Since > a=
limj oo log[ 11K -1

>

limg_,e0 log[]'[k_

o B limy_ o, log[ TT%_, & E"’]Z/k< -log 4
k

#1094+ B limy og[ T 22176 <0 e )
(A-en) /
We show that lim,_,, e kflog 4+ Blog I, =52 T*1 _
_ Y
Let y,= 2log [ [T4_, =22 | ™
~log4+2By=log4+pgIlimy,<0 (By equation (5))

Let log4+2py=- &, (Say), where §; >0
~ 3 K; such thatk > K;

=|(logd+ By )+ 6l <
=|(logd+ By,)— (=6l <

=-96 - 71 <(log4+ By,)< _51"'_
- 2 <(logd+ fy )< -2
~logd+ By, < _4a

2
=k(logd+ fy,) < — <2

i
2
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kb1
L ek(log4+ Bvi) < o™ k> 1.
o k8 _
SInCeIlmk—wo 2z =0, IImk—»oo ek(log2+ﬁyk):0_

%/
k{log 2+ f log| IT- L= E")] k}zo_ ............................. (6)

This proves that lim,_,., e
We now prove that for every § > 0, HP 5(S) = 0.

Suppose & > 0 is given. Since l'[°°:1M =0,3k'>1,[1k.,

1

] = V2L & E")<5foreachj-1 2, oo, 4%
Thus {J,r,j=1,2, ..... , 4"} is a §- cover of Ek and hence covers S.
By definition 1.1 we get,

HE 5(S) = inf{X2,|U;|# : {U;} isa 8- cover of S} < ZJ 1|]Jk1|

(1-€p) <
2

Nl

1 /1
-~ HB (S) _ k {10g4+ﬁlog[nk a- 5n)] k}.

As6—>0 k‘—>ooandRHS - 0.
~HPg(S)=0. (By equation (6))
Since this is true for every § >0, H#(S) =0.
~ HB(S) =limg_ o HP 5(S) =0
~HE(S)=0
Thus (@,0)c {B > 0: HF(S) = 0}
~inf{g > 0: HF(S) =0} < «
dimy(S) < a.
Now we determine mass distribution on two dimensional generalized Cantor like set by using following mass
distribution.
Definition 2.8 Mass distribution [3].
Let A be bounded subset of R™. Let u be a measure on R™. The support of u is the smallest closed set A such
that u(R™ - A) = 0. Then we call a measure u on R™a mass distribution on A if 0 <u(R™) <oo and pu has bounded
support A.

2.9 Determination of mass distribution on two dimensional generalized Cantor like set S

Let S be two dimensional generalized Cantor like set constructed in 2.1.

Let i be defined on E; , where E;, ,k=0,1,2, ...... are remaining squares at each stage in the construction of
two dimensional generalized Cantor like set S

i.e. B = Uty Jj k= 1and p(/j,) ==, j=1,2,.., 4% Thus p(E,) = 1 forall k> 1.
Foreachk>1,let&={J;,:j=1,2, 3, ...... , 4k},

Let € = {AC R?: A = Finite union of members of Uy, & and their complements}. Then € is an algebra
containing all €. Extend u on € by using additivity i.e. A =UjL; A;, where A; € U, & ,A;NA; =0, i ] then
u(A) =X, u(A;) and u([0,1]<[0,1] - A) = 1 - u(A). This defines a measure u on &.

Define u* on I (€) by
wE)=infQ u(E,) E,€En=123, .., EcUs,E} EEH(E).
Here H (€) is hereditary o - ring containing &.
We show that u*(E) = u(E) ifE€ &
We know that u*(E) < w(E)  .....oeen. (1)
We show that u*(E) = u(E)
LetEe and E c Uy, E, , where E,, € €. Then
E = Uz, (E, NE) )
Choose F, € £ such that F,, c E,, N E, each E, are palr wise dISjOInt and
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U"rcl=1 Fn = U‘,rclzl(En NnE ) Then #(Fn) < M(En n E)

 W(E) = Xz w(F,) < Xy u(Ey) (From equation (2))
~u(E) <infr  u(E,) E,€&n=123 .., EcUS E}
s u(E) < u*(E) e (3)

From equations (1) and (3), we get
w(E =uE)ifEEE

Now, we call E€ &* iff u*(A) = u*(ANE) + u*(ANCE) Vv AC R?
~ E* isa o - algebra containing € and u* is restricted to £* , is a measure on £*.

Since every open interval € £*

-~ Every Borel set € £*
We know that
Support of u = n {Fis closed : u([0,1] x[0,1] - F) =0}
We show that Support of u € Ny, E}
We know that £}, , k=0, 1,2, ...... are remaining squares at each stage in the construction of two dimensional

generalized Cantor like set Si.e. E}, = U}*illj,k yk=1and u(Jjx) = 41,{ J=1,2,3,...... L
By definition u([0, 1] X[0, 1]-E; ) =1 - u(Ey )

= 1-u(U )

:1-2§214ik:1-4ikx4k:1—1:0

& ([0, 1] [0, 1] - B, ) = 0
-~ Support of u c E|, for every k > 1, since eachE, is closed.
Thus Support of u c S.
Now, we show that 0 < u(S) < oo.
We know that E; 2 E, D...., u(Ey) = 1< co.
o (S) = NGy B ) = iMoo p(Ei) = 1> 1.
~ 0 < u(S) <oo.
-~ u is amass distribution on S.
Now we determine the lower bound for Hausdorff dimension of two dimensional generalized Cantor like set
when €, = €, a constant, 0 < € < 1 by using following mass distribution principle.
Mass distribution principle 2.10
Let u be a mass distribution on F and suppose that for some s there are numbers ¢>0and § >0

such that u(U) < ¢ |U|* for all sets U with |U| < §. Then H5(F) > @ and s<dimy (F) < dimz(F) <

dimg (F).

Above principle is on page 55 of Chapter 4 from Kenneth Falconer [2].
Theorem 2.11

If S is two dimensional generalized Cantor like set constructed in 2.1, then for special case €,, = €, a constant,
0<e <1, dimy, (S)>—=&2

log(*5°)

Proof

Let S be two dimensional generalized Cantor like set constructed in 2.1.

Let €, = €, a constant, where 0 <e < 1.

—log 4
log(5°)
1-€

slog(T) =—log4

(P-4
. (%)(k+1)s B )

Puts=
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At kth stage the rectangle between two consecutive squares from E; parallel to X axis or Y axis have size
(5 Y lex )" Thus the diameter of such rectangle is

1 ’1
E 6262_'_1

Now if U is a rectangle of diameter |U| such that

(%)kﬂ,/(?)_z €2+ 1< |U|<(?)" /(%)—2 €24+ 1 el ?)

Then U intersects at most one of the basic squares in E;, because if U intersects more than one of the basic

squares in E,, then |U| = (%)" f(? )2 €2 + 1 which is false.

« i(U) < u(One square in Ey ) =47k
cuUy<4k @)
From equation (2) we get,

Ul = 5yt 552 e 12 55y

2 Ul = ES)kti= (4-C+DyYs  (From equation (1))
2 1
(Ul = {4ty s

IUIS > 4—(k+1)
24 UIS = 47% > u(V) (From equation (3))
u(U) <4luls
~ Mass distribution principle 2.10 can be applied to the set S wherec =4, s = logl(og N . We conclude that H5(S) = — ”(S)
2

1=

~ H(S) 2+,
~se{y=0:HY(S) >0}
sup{y =0:HY(S)>0}=s.

~dimy (S) =s.
o dimy () > —gee-.
log(-)

If €, =€, a constant, 0 <e < 1, Theorem 2.7, Theorem 2.11 give Hausdorff dimension of two dimensional

generalized Cantor like set S is l°g4)

Now we take particular cases corresponding to different values of €,, = €, a constant, 0 < e < 1, Theorem 2.7,
Theorem 2.11 give Hausdorff dimension of corresponding two dimensional Cantor like set.
Particular Case 2.12

Ife, :i in Theorem 2.7 then Hausdorff dimension of two dimensional

—2log2 —2log2 log 4 . . .
o8 o8 =8 and in Theorem 2.11 Hausdorff dimension

T =
1lmk->oo10g[l'[" KT) /k llmk_,oolog[]'[k 1@]1/1{ log(3)

2 .
Cantor - - setis <

. . —log4 —log4 _ log4

of two dimensional Cantor - E setis > —1=—3 Og(s).
T o
log(—2) log3 ) &%

log 4
0g)’

- Hausdorff dimension of two dimensional Cantor - E set is 11 e i.e. dimy (S) =
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Particular Case 2.13
Ife, :% in Theorem 2.7 then Hausdorff dimension of two dimensional

Cantor - % set is < ~2log? ~2log? = ll°g; and in Theorem 2.11 Hausdorff
llmk_,oolog[]'[k KT) /k limg o0 log[]'[k g;) Yk 0g(3)
dimension of two dimensional Cantor -2 set is > —28+ = Zlog* _ log4
7 log(3)
10g( Z) 10g( )
. Hausdorff dimension of two dimensional Cantor - = set is 2 g(7) i.e. dimy (S) = 1°g(4).
3 083

Particular Case 2.15

1 . . . . . 1 .
If €, = S in Theorem 2.7 then Hausdorff dimension of two dimensional Cantor - " set is <
—2log2 —2log2

=1 and in Theorem 2.11 Hausdorff dimension of two dimensional
llmk—»oolog[nk KT) /k limg 0 log[]'[k g?) /k

log4 _ —log4
Cantor-zsetls>i: %= 1.

log(2) log(Z)
. Hausdorff dimension of two dimensional Cantor - % setisli.e. dimy (S) =1.

111. CONCLUSION

Using two dimensional generalized Cantor like sets S we constructed two dimensional different Cantor like sets by
varying or fixing €,,. Further we determined the estimate for the Hausdorff dimension of such two dimensional Cantor

like sets. In particular it is proved that the Hausdorff dimension of the set S defined above is < ——== ” , Where

= lim,,_ log[ [Tk (1 E")]1/k and for the particular case €, = €, a constant, 0 < e < 1, the equality holds
namely dimy (S) = kig_: .
g(5-)
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